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ABSTRACT

Context The well known problems of interpretation of gtvan mechanics mean that
physical law lacks a physical basis.

Aims To derive the formalism of quantum mechanics fimseertions about the world
with clear physical meaning.

Methods Kets are defined as formal conditional clausésrrieg to measurements in a
formal language and have a natural structure actowspace. Addition is logical dis-
junction. The dual space consists of consequensel such that the inner product is a
set of statements in the subjunctive mood. Thealiiby interpretation gives truth val-
ues for corresponding future tense statements wieemitial state is prepared and the
final state is to be measured.

ResultsThe mathematical structure of quantum mechaniftwimulated in terms of dis-
crete measurement results at finite level of accyr@nd does not depend on an
assumption of a background spacetime continuumcrBie position functions are
uniquely embedded into smooth wave functions itmsuway that differential operators
are defined. Using finite dimensional Hilbert spaaecontinuum of stategx)  for
x [0 R3, is defined such that the inner product can beesged either as a finite sum or
as an integral. Operators do not in general havetagral form. The Schrédinger equa-
tion is shown from the requirements of the prohghbihterpretation.
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PACS: 03.65.Ta, 02.10.-v, 04.60.-m, 04.60.Nc, 02.30.Nw.

1 Introduction
1.1 Objectives

Carlo Rovelli (1996) describes the purpose of Ratall Quantum Mechanics... to
do for the formalism of quantum mechanics whatt€inglid for the Lorentz transfor-
mations: i. Find a set of simple assertions abbatworld, with clear physical meaning,
that we know are experimentally true (postulatesiinalyze these postulates, and show
that from their conjunction it follows that certatmmmon assumptions about the world
are incorrect; iii. Derive the full formalism of gatum mechanics from these postulates.
| expect that if this program could be completed,would at long last begin to agree
that we have understood quantum mechanics”

To say that we have completed such a programiptisufficient to present a consis-
tent mathematical structure giving correct preditsi A mathematical model is defined
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from its axioms, and we require that the axiomsprgsically sensible in addition to
being logically consistent and empirically valichéfdefining axioms for the mathemat-
ical structure described here will be termed pagad and definitions; postulates are
intended to contain empirical assertions aboutvibdd, while definitions are purely
semantic.

The purpose of this paper is to develop a formailatf quantum mechanics from
observationally true postulates. Rather than siiintthe mathematical theory and try to
interpret it, | adopt a specific (Dirac-Von Neumaurv. Bub, 1997) interpretation and
seek to produce the mathematical structure appai@io it. The result is essentially rel-
ativistic quantum mechanics, but with subtle anchetimes important differences. Of
fundamental importance, and in contrast to standaahtum theory, the model is back-
ground-free in the sense that the physical megriddatermined from measurement
results. Hilbert space is finite dimensional, babatinuum of stategx) ford R3 | is
defined using linear combinations of basis stgtéss may be compared with the defi-
nition of a sphere as a continuous surface in tdieensions). Other changes from
standard quantum theory include discreteness okurement results, and quantum
covariance in lieu of manifest covariance. A wagaation governing time evolution is
not assumed as a postulate, but is establishedgdrobabilistic considerations. Neither
momentum space nor the commutation relations anenasd, since they are contained
in the mathematical structure of Hilbert space.réhie no assumption of a Lagrangian,
and, Poincaré invariance is not used in relativigéd. It is essential to the development
in subsequent papers to recognise that the wawtidars not defined on space, but in
Hilbert space defined at the position of measurémen

Relational quantum gravity is based on the obsemvdhat when there is no means
to define the coordinate of a particle, quanturea appear. The interpretation follows
Dirac (1958) and Von Neumann (1955), has its osigimthe Copenhagen interpretation
as discussed by Heisenberg (1962), and shareswwitlicinodern views such as Mermin
(1998), Adami and Cerf (1995), and Rovelli (199%5.in the Copenhagen interpretation
matter has an unknown but real behaviour whicloisdirectly described by quantum
mechanics. By giving a probability for each outcothe state describes not what is but
our knowledge of what might happen in measurengrantum theory is essentially a
theory of probabilistic relationships between measent results, not a model of phys-
ical processes between measurements.

The Dirac-Von Neumann interpretation should notbeflated with the Copenhagen
interpretation, since Copenhagen invokes some matfccomplementarity which is
absent in Dirac-Von Neumann. The interpretatiore ielows Dirac and Von Neumann,
but goes further than either. For example, Diratest what cannot be said of quantum
particles, but not what can be said, but here aghais defined as a physical entity in
the absence of spacetime background. Von Neumanmiled quantum logic is a lan-
guage which tells us what can be discovered fromsmement but he did not translate
the propositions of quantum logic into English. éléney are abstracted them from the
formal statement of sentences in ordinary langu@bis. is not simply a restatement of
a standard interpretation, but islamonstratiorthat statements of formal language
describing possible measurement results obey thtbametical structure of Hilbert
space.
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The formalism given here will be used in subseqpapers as a basis for a construc-
tion of ged (Francis 2009a, hereafter RQG Il) andlee basis for a reconciliation
between quantum theory and general relativity (€Eisa2009b, hereafter RQG IlI). Fey-
nman diagrams will have a physical meaning andrdesce issues will be resolved.
Maxwell's equations and the Lorentz force law viié derived from the interaction
between photons and electrons. The treatment areskpn will lead to testable predic-
tions and has implications for missing mass, tteremogical constant, lensing, galaxy
rotation curves and the anomalous Pioneer blue(§tdncis 2009c¢, hereafter RQG IV).
A specific test on over 20 000 local stars withuaate Hipparcos parallaxes and spec-
trographic radial velocities confirms the existei¢a signature for the prediction that
the apparent flattening of galaxy rotation curesgectrographic not kinematic and has
an origin in cosmological expansion. The resolutbigquantum paradoxes will be dis-
cussed in Francis (2009d, hereafter RQG V).

It is essential to the development that, becaullEHispace consists of clauses in for-
mal language not wave functions on space, it ilddft the position of measurement
not in spacetime. Since the transform used to defiomentum space is simply a change
of basis of Hilbert space, global Poincaré invaz@is not required. The integral used to
define a transform necessarily refers to states litilbert space defined at particular
position, not to either flat or curved space.

The philosophicalposition that interpretation is not physics hageméeen justified
— indeed, it cannot be justified because a philbgophich rejects philosophy also
rejects itself. Unification refutes any such phipky by showing that empirical results
in cosmology follow from the correct interpretatiohquantum mechanics.

The treatment given here neglects spin. The inatusf spin raises additional issues
concerning the interpretation of the projectiontplage. By ignoring spin these issues
do not arise. The present treatment is extendB®IG Il, where it is recognised that spin
is a required property of particles in a relaticigfuantum theory. Measurement issues
concerning the reasons for the projection postwdatapplied to spin depend upon the
physical processes involved in measurement, andmigrbe resolved after considering
guantum electrodynamics as a theory of interactimiaeen particles.

1.2 Relationism

Relationism is the principle that, since a measem@nof distance is a comparison
between the matter (and radiation) being measunddtee matter (and radiation) it is
measured against, only relative distances shoyldayat a fundamental level in physi-
cal theory. Although the mathematical formulatidrpbysical law has depended on an
assumption of space, or more recently spacetimmjéah with mathematical properties,
the Cartesian relationist view continues to holeliectual appeal and, as described by
Dieks (2001), there is some reason, both withinftliedations of quantum mechanics
and in relativity, for thinking that the correct ywi formulate physical theory would be
to describe spacetime as a collection of frame-alegeat sets of potential measurement
results, rather than as a background into whichengt placed in the manner of Newto-
nian space. In recent years relationism has bessh lys Smolin (1997), Rovelli (2000)
and others as motivation for work on backgrouneé-fiteeories such as spin networks,
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and has been suggested as basis for understangangugn mechanics (Rovelli 1996)
and quantum gravity (Poulin 2006).

Relativity of motion is often statedydu cannot say how something is moving unless
you say how it is moving relative to other mattditie relationist view also requires rel-
ativity of position; you cannot say where something is unless you saseviths relative
to other matter’ Relationism is also suggested by the orthodok,i@c-Von Neumann,
interpretation of quantum mechanics, that it ongkes sense to talk of measured values
when a measurement is actually done. the general case we cannot speak of an
observable having a value for a particular statet tve can.... speak of the probability
of its having a specified value for the state, niegithe probability of this specified
value being obtained when one makes a measurerhiérg observable’(Dirac, 1958).
We may infer from Dirac’s words that a precise eadfi position only exists when a mea-
surement of position is performed, so that we caly talk about where a particle is
found in measurement, not where it is in space.

1.3 Relativity

In Einstein’s 1905 treatment of special relativthig speed of light is necessarily con-
stant because coordinates remote from the origpewe for their definition on the
physical behaviour of light. Before one can stutlygics, one first has to set up a coor-
dinate system. This is done relative to matter,redative to a reference frame. The
“frame” is here defined as the matter used to @efimordinates, and includes at least a
clock and physical means of determining distancedarection within a neighbourhood.
Since coordinates are defined locally with refeeetucthe speed of light, it is necessarily
true that light-speed is locally constant (more&#yr coordinates are defined with refer-
ence to the maximal speed of information transfierprinciple, special relativity would
still hold in a universe in which the photon haseay small non-zero mass. In this paper
I will not distinguish the speed of light from theaximal speed of information).

As observed by Bondi, 1964, in a modern view ofgatg, the transmission of virtual
photons gives rise to electrodynamics and to alkthuctures of matter in our immediate
environment, including the structure of physicdéra. Thus the constancy of the speed
of light can reasonably be interpreted a®asequencef the relationalist principle that
spacetime coordinates only have meaning in sosftney are determined physically by
the propagation of light. This interpretation isdescribed by Einstein, and elucidated
by Bondi (1964, 1967). It is not reflected in tmants which simply describe the math-
ematical properties the Lorentz transform and Mungki spacetime — such treatments
arenotadequate background for an understanding of oglatiquantum gravity.

General relativity is sometimes understood as dlgisgy a substantive spacetime
analogous to Newton’s absolute space, but with ggoal properties of a curved
Lorentzian manifold. This view is rejected in ré@atl quantum gravity. Special relativ-
ity is imported into general relativity as a lo¢hkory. As in Einstein’s 1905 paper,
coordinates are defined from the operational didimé of measurement, not as a part of
the description of a prior substantive manifoldeefinition of a Lorentzian manifold
is essentially that the operational definition obadinates can be applied everywhere
within a neighbourhood. The operational definitaircoordinates remains fundamental
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for the reason that we only need to define vedioosie basis, and they are automatically
defined in any basis, and because it also detestime physical metric. Coordinate
transformation leads to the general principle ddtieity, local laws of physics are the
same irrespective of the coordinate system whigarticular observer uses to quantify
them creating the impression that there are no prefecoordinate systems. However,
coordinate transformation is just mathematical rpaldtion, which adds nothing to
physics. At a fundamental level, coordinates arénéd within a neighbourhood,
according to the operational principles describedgecial relativity, and the metric is
defined from those same operational principles.

General relativity is thus understood as a thedmelationships between empirical
results, not as the description of a substantiveifmld generalising Newtonian absolute
space. Since there is no underlying prior maniffidids have no fundamental role. The
treatment of ged given in RQG Il is fundamentaliyheory of physical particles. Fields
will be understood as mathematical structures witlirect physical analogue.

1.4 Quantum Logic

The central problem with relationism has been iffeedity in expressing it formally
as axioms for use in mathematical argument. Whekeagton was able to describe
mechanics in three laws, the mathematical implcetiof relationism were, and have
remained, obscure. Here Hilbert space is seerf@snal language which allows us to
mathematically describe the behaviour of mattea imiverse in which position exists
only as a relative quantity (‘behaviour’ is intedd® indicate change with respect to
time, and should be understood without spacial otations). Quantum logic (see e.qg.
Rescher, 1969) was introduced by Garrett Birkhotf &ohn Von Neumann (1936) and
is sometimes described as applying counter-intuitivth values to simple propositions.
This paper will interpret states as formal condiibclauses, rather than as propositions.
The dual space consists of corresponding conse@leurges. The inner product com-
bines clauses to generate formal propositionsarsttbjunctive mood, showing that the
language is a consistent and intuitive extensiamvofvalued logic and classical proba-
bility theory and a natural formalisation of staems about measurements in the
subjunctive mood. The principle of superpositiosimaply logical disjunction in formal
language; there is no suggestion of an ontologjoahtity of magnitudé(x|f)| asso-
ciated with a particular particle.

1.5 Discreteness

Since Newton, the continuum has been induced frenempirical accuracy of phys-
ical laws that use it for their expression. ButHasne argued and Leibniz demonstrated,
induction does not provide rigorous scientific prbecause an indefinite number of
laws can always be found to fit any finite bodydata. In this paper the apparatus is not
treated from a classical perspective, as in stah@apenhagen. We merely require that
the result of measurement of position at given timmalways three numbers, and use
those numbers to label a condition found in matér.assume measurement to a level
of accuracy limited only by physical law and thgenuity of the makers of the appara-
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tus. In practice measurement results can alwayexpeessed as terminating decimals,
and we choose some bounding range and resolutighieth to define a basis for a finite
dimensional Hilbert space. We can, in principles tessolutions greater than that of our
current apparatus, but observation never permits gay “for all resolutions” but only
“for resolutions up to the current limit of expeemtal accuracy” (future technology may
provide greater resolution, but in any future tesbgy the resolution will still be finite).

It is well understood that a discrete model carbetnanifestly covariant. Manifest
covariance will not be applied since it is by défom the case that the apparatus is sta-
tionary with respect to the reference frame anecasfthe measurement result. Since the
reference frame is defined by the apparatus,mntdaningless to talk of rotations of the
frame unless one is also rotating the apparatusnBhat case one is not rotating vector
gquantities, but rather redefining them in a newnkgaQuantum covariance will also take
into account that part of this effect is that tipparatus has a finite resolution, and will
restore the principle that local laws of physios #re same in all reference frames.

There are technical advantages in using finite dsimnal Hilbert space in that stron-
ger theorems are available and the order of takinds can be tracked. In certain
instances (loop integrals) the order of taking igmig critical as to whether the limit
exists. According to a strict reading of the mathgoal definition of a limit, what we
really mean by a continuum is not necessarily astuttive continuum; it is merely
indistinguishable from a continuum at the limitexfperimental accuracy. In empirical
science we cannot in general say that the re$(df, of a measurementatd R»  is L.
At best we can say thad(a) =L  to within a margin of grgo> 0; i.e. if the parameters
x O R are close enough to a then we will haféx) —L| <e . Thipriscisely
described in the formal mathematical statemenheflimit;: O >0, [®>0 such that
Ix—a <d=|f(x)—L| <e. A strict interpretation of empiricism also recgsrthate
cannot be chosen less than permitted by experiinactaracy.

It will be shown that discrete position functiors fall coordinate systems are
uniquely embedded in smooth wave functions. Thdisoam equations remove any
dependency on a specific measurement apparatusesoldition because they contain
embedded within them the solutions for all disciterdinate systems possible in prin-
cipal or in practice. Thus, in spite of discretendble theory is invariant under changes
of lattice, including rotations and improvementeigerimental technique.

2 Measurement
2.1 Reference Matter

When a human observer seeks to quantify naturehbeses some particular matter
from which to define a reference frame or choosgtai matter from which he builds
his experimental apparatus. He then observes aatkfielationship between this spe-
cially, but arbitrarily, chosen reference matted arnatever matter is the subject of study.
Here measurement is distinguished from a simpl@tcofia number of objects, and is
defined to mean a count of units of a measuredtgyanhere the definition of the unit
of measurement invokes comparison between sometagpthe subject of measure-
ment and a property of the reference matter usddfioe the unit of measurement. The
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division between reference matter and subject mitjgresent in all measurement and
appears as the distinction between particle andrapys in quantum mechanics, and in
the definition of position relative to a referericeme in special relativity.

Reference matter is to a large degree arbitray,igitself subject to measurement
with respect to other matter. D’Inverno (1992) def a reference frame as a clock, a
ruler, and coordinate axes, whereas Rindler (1868%ribes a reference frame as a “con-
ventional standard” and discusses the attachmeatfigime to definite matter, such as
the Earth or the “fixed” stars, while Misner, Therand Wheeler (1973) define proper
reference frame as a Minkowski coordinate systeth wigiven clock at the origin.
Whatever reference matter is used it includes dome of clock, axes, and some means
of determining distance, such as a ruler or raaat,it may include any form of appara-
tus used for physical measurement. In all cases@epy is measured relative to other,
arbitrarily chosen matter, and the measurementmétes a relationship between sub-
ject and reference matter, rather than an abspiofpeerty of the subject of measurement.

Inertial reference matter is assumed, where iféstiaken to mean that the effect on
motion of contact interactions with other mattemegjligible. Alternatively inertial coor-
dinates may be calculated from the reference md#ay. a satellite spinning on its axis
may be used to determine an inertial referencedraithough it is not itself inertial).
This introduces complications in the descriptiout, tiot complications of a fundamental
nature.

2.2 Coordinates

We are particularly interested in measurementroétand position. This is sufficient
for the study of many (it has been said all) otiigysical quantities and we restrict our
treatment to those physical quantities that caredeced to a set of measurements of
position, including measurements of position otiples other than the one under study,
such as the position of a pointer. For exampldassical measurement of velocity may
be reduced to a time trial over a measured distaame a typical measurement of
momentum of a particle involves plotting its patha bubble chamber, being a set of
positions over a time interval. Local distance nieasients may be defined by the radar
method. Any method of measuring coordinates maydes, calibrated to the radar
method, so it is natural to use synchronous spalecaordinates with time as a parame-
ter as in non-relativistic guantum mechanics. Femvenience, Cartesian coordinates
will be chosen. This simplifies certain formulaeit Imakes no fundamental difference
to the treatment. Any apparatus has a finite résolland the values written down are
triplets of terminating decimals, which can be sdéb integers in units of some bound-
ing resolution. Measured positions are always digcvalues, determined by the range
and resolution of a measurement apparatus. Inipeaittis simpler to use an equally
spaced lattice, containing very large numiegrositions given by decimals terminating
at some value beyond the best available resolofiany existing apparatus. Margins of
error and measurements at lower resolution caefesented using finite sets of such
integers. In practice there is also a bound on rbagg Without loss of generality the
same boundy O N , is used for each coordinate. Knowl@dghe state at any time is
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thus restricted to this set of triplets and theailtssof measurement of position are in a
(subset of a) finite regior O (xZ)3

Postulate: Thediscrete space coordinate systeis D = (—xVv, xv 13 0 (xZ)3 for some
v O N, and for some lattice spacingd Q@  wig» 0

Let TOxZ be a finite discrete time interval such thay @article under study will
be measured in D for timad] T

Postulate: Thediscrete spacetime coordinate systeiis S =T [0 D and is calibrated
such that the speed of light is 1 radially to thigia.

The coordinate system is a lattice determined bygtjwal considerations. Not every
element of D need correspond to a possible measmterasult, but D contains as ele-
ments or subsets the possible measurement regsulssmheasurement of position with
the chosen apparatus. There is no significandseibhoundy, of a given coordinate sys-
tem. It is not intended to take either the limits © r yo- 0, butxv is large enough
to neglect the possibility of particles leavingl® practice this is always the case since
data is discarded from any trial in which theradas both a well defined initial and final
state; the probability amplitudes defined belovatelto conditional probabilities such
that both initial and final states are unambigupuagtermined (hence there is no detec-
tion loophole in Bell tests — in the absence ofrabiguous detection this model does not

apply).
2.3 Particles

It is sometimes assumed that a particle is loddlisespace, even if at unknown loca-
tion. This is not the case here, since a valughemosition observable is not assumed
to exist between measurements.

Postulate: A particle is any physical entity whose position can be mesbat given
time such that the result of such measurementvalee, x 0 D , or a neighbourhood
{xOD} of negligible size.

Postulate: An elementary particle is one which cannot, even in principle, be subdi-
vided into particles for which separate positioas be measured.

It is not necessary to assume the existence ofeaneatary particle on metaphysical
grounds. If there is such a thing as an elememarticle, then its theoretical properties
may be determined, and if something in nature aetehfiyecisely those properties, then
we will claim that it is an elementary particle. ks may be considered as elementary
particles having separate positions in principlg,dound in practice.

2.4 Many Valued Logic
Classical logic applies to sets of statements atheuteal world which are definitely

true or definitely false. For example, when we malstatement,
AX) = The position of a patrticle is x,
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we tend to assume that it is definitely true oiirdedly false. Such statements are said to
be sharp or crisp, meaning that they have truth values from the{€etl} . If it is the
case thatAX) is definitely either true or false then classioglic and classical mechanics
apply. Similarly, probability theory giveBayesian truth valuesfrom the continuous
interval (1, 0) to sentences in the future tense:

@(X) = When a measurement of position is done the reslulbe x.
In quantum mechanics we deal with situations inclvlihere has been no measurement
and there is not going to be on&(x) andZ(x) are not then legitimate propositions about
physical reality. For example we only get interfere from Young’s slits when there is
no way to determine which slit the particle canretgh. In the absence of measurement
we can consider propositions describing hypothetie@asurement results, such as the
set of propositions of the form:

Z(X) = If a measurement of position were done the regoltld be x.
Z(X) is intuitively sensible, even when no measurengdbne, but cannot sensibly be
given a crisp truth value. It’s truth is distingoésl from that o#Z(x) because, when no
measurements are to be done, we cannot sensiblysdithe potential frequency of indi-
vidual measurement results.

2.5 Formal Language

In quantum theory we are not always going to daasurement, but we want to talk
about what would happen if we were to do a measenén.e. we need to be able to
make statements about hypothetical measuremeritsiddilbert space provides a way
of discussing levels of truth for statements allgydothetical measurement, like(x),
in the subjunctive mood. Statements in the subjuadonsist of two clauses, the con-
ditional clauséIf a measurement of position were done, ,.ahd the consequent clause
“..., then the result would be xThe conditional clause will contain whatever imfia-
tion is known before measurement. This informatiomes from a prior measurement.
We therefore discuss two measurements, the fidgtermine the condition and the sec-
ond to determine the outcome, or consequence. Wesent the results of these
measurements symbolically. The conditional clatskerring to the first measurement,
is represented by a ket. It is described &srmal conditional clauseto indicate that
only clauses formally described in the rules alensdd in formal languagddasic con-
ditional clauses on which the language is built, refer to measuneis of position:

RULE I. ForxOD ,|x) isthe formal conditional clausk fheasured position at time
twere x...".

An actual position found by a real apparatus ixdeed by a set of points in the lat-
tice. To describe this we need to extend the laggulay introducing an operator
corresponding tor, represented by the symbol +. To express thetitdane possibil-
ity is more likely than the other we introduce agtding. Thus, if the magnitude afis
greater than that dd, thena|g) + b|f) will mean “if measured position were eitker
ory, but more likelyx, ...”. We also want to be able to express many pdggs, “If the
particle were found at x or y or z or”..This is done recursively in rule Il
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RULE II. If |g) and|f) are formal conditional clauses, axandb are complex num-
bers, thera| g) + b|f) is a formal conditional clause.

The set of formal conditional clauses, or kets, m@as the mathematical structure of
an N-dimensional vector spacH,l(t). Hl(t) consists of a family of formal conditional
clauses concerning the measurement of positiorswfgde particle at time Basic con-
ditional clauses|x) , are a basis ’ijr(t). Kets are not strictly states of a particle, but
formal conditional clauses describing hypothetita@asurement results. They will be
referred to as “states”, in keeping with commorcpce when no confusion arises. The
use of a vector space over the complex nhumbersdates a degree of freedom which
will be used in the description of the evolutionstdites.

To complete a formal sentence we need to put éttay with a consequent clause.
Consequent causes refer to a second measuremigrat saime time as the first measure-
ment. To make statements about real measuremeitsre® will also need to know how
kets evolve in time, but in the first instance thigcussion is restricted to hypothetical
measurements at tinteThere is no fundamental difference between onasomement
and another, so the grammatical structweighted disjunctiordescribed in rule II,
applies equally well to consequent clauses. Thesefarm anN-dimensional vector
space withN = 8v3 | defined from a basis of consequeniselain one-one correspon-
dence with the basic conditional clauses, or kigscribed by rule I. Consequent clauses
are represented symbolically by bras:

RULE Ill. (x| is the formal consequent clause, then, in a second measurement at
the time t, measured position would be x”

We put the two clauses together, to make a bradgetesenting a statement about meas-
urement at a given time:

RULE IV. (x]y) is the statemeritf measured position at time t were y, then, iet-
ond measurement at time t, measured position wuoaik!'.

From observation we know that, if, at some paréictime, a particle is measured at
positionx, then its position is definitely and it cannot be measured separately at some
other positiorny at the same time. The statement is strictly tnulse, depending on
whether or nok =y.

Postulate: Thetruth value of (x| y) is given by a Kronecker delta. We write

(X]'y) = & (2.5.1)
Together with linearity and complex conjugation,5(2) defines an inner product
between any two ket$f ), [g) O Hi(t) . Thtﬁ%(t) is a Hilbert space, the basic condi-
tional clauses of rule | are an orthonormal basis, the space of bras is the dual space.
Definition: Theposition function of the ket|f) 0 H! is the mappin@® - C

OxOD, x - (x]|f). (2.5.2)
Later the position function will be identified withe restriction of the wave function to

D. It is here termed “position function” becausesitliscrete and because a wave equa-
tion is not assumed.
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In this formal language, relative magnitudes angdrtant in weighted logicalr, but
absolute magnitude has no meaning. It is easyrimuon language to construct phrases
containing redundant words. “The black piece ofl't@anot the same phrase as “the
piece of coal”, but both have the same meaningil&ily) for any complex numbaea,
the clausg¢f) means exactly the same thira] &5 . Witepart of a larger construc-
tion containing +a has the role of a redundant word.

The resolution of unity is found by expanding aikea normalised basis

1£) = > IxXx[f) (2.5.3)
xUD
Hence
1= Z [X)(X| (2.5.4)
xOD

The inner product is strictly a finite sum wikhterms, wherd = (ZV)()3 is large. The
formal limit N - o is only to be taken at the final séagf calculation. With this in
mind, it is convenient to normalize basis states,

Ox, yOD,{x]y) = X320,y (2.5.5)
With this normalisation, the resolution of unitkés the form:
1= x3z [XH{X] . (2.5.6)
xUJD

2.6 Multiparticle States
RULE Va. |) is the formal conditional claus#f the first measurement at time t were
to find no particle, ...”

RULE Vb. (|is the formal consequential clause, “then a second measurement at
time t would find no particle

Definition: Let H° be the space spanned [By

HC is a one dimensional vector space. Because madtmn by scalars only has mean-
ing in association with the weighting OR, there is no difference in meaning between
member clauses)|) , &F°

Postulate: The space of kets farparticles of the same type is given by the tepsod-
uct H" = I;I e

RULE Vla. |x,)|X5)...|X, isthe formal conditional claustf, for each of n particles,
measured position at time t of tﬁ@particle were % ...".

RULE VIb. (x,]{X,|...{(X,] is the formal consequential clause,, then, for each of n
particles in a second measurement at time t, thasored position of the ith particle
would be ¥ .

Postulate: The space of any number of particles of the same,tyis H, = I;I Hr

The direct sum allows statements about an uncertaiber of particles, using weighted
logical OR, “If, for each of n or m particles, but more liketlythan m, ...} etc. Since an



RQG I: Foundations 12

n particle state cannot be arparticle state, the braket between states of eiffienum-
bers of particles is zero. Fpf ) = (|fp), ..., [T) OH |g) = (lg), ..., lgy) DH" |

(flgy = ¢ filg), (2.6.1)

as is required for independent particles by thdabdity interpretation (section 4.1).
Postulate: The space of particles I§= |;| H,

2.7 lIdentical particles

If particles are identical, there is no way ofitedlwhich is which in a measurement.

RULE Vlla. |Xq;X,;...; X, is the formal conditional clausH, for n identical parti-

cles, measured positions werg %, ..., X," .

RULE VIIb. (x4;X,;...;X,| is the formal consequential clauteen, for n identical
particles, measured positions would ke, ..., X"

Switching identical particles makes no differemzéhie physical situation. Multiparticle
space is therefore restricted to symmetrical omemsgtrical states.

Definition: Fock spaceis I = [ ] SH",

whereS means that groups of tensor indices referrindhéosame type of particle are
symmetrised for Bosons and antisymmetrised for ket

3 Momentum Space
3.1 Formal definition

Definition: For a 3-vectorp, at the origin, define themomentum ket, |p), as a sum of
position states:

Py = ()XY ex®|x), (3.1.1)

xUD
where the dot product uses the Euclidean metrie.ude of Euclidean metric in (3.1.1)
has no direct bearing on a physical metric, ancetpetefines momentum kets as linear
combinations of basic conditional clauses. Theiiqreduct with|x) defines a plane
wave,

(X|p) = (£)*%ext>. (3.1.2)

Definition: |p) is aplane wave statewith momentumpp.

This is the fundamental definition of 3-momentunthis approach. The justification for
the definition is that it will be found thatis a conserved quantity which corresponds
precisely to the classical notion of momentum.
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Definition: Continuum momentum spaceis the 3-torus,
T 3
M=—[- 0O Rs. 1
xv[ v, V] (3.1.3)

There are momentum statjgs [ihfor continuum values ghOM (since they're just
linear combinations of basis kgts) ), but a discseteset of momentum states,
{Ip), pOMp =M n (X,L)%, (3.1.4)
is a basis fotl, where lattice spacing for Ms given byx, = T/(xV) . Using discrete
transforms, Fourier inversion is exact. The resofubf unity in momentum space is
Xs >, IpXpl=1. (3.1.5)

pUMp

Definition: For the ket,|f) O H%(t) , determined by measurement at iiret using
discrete coordinates, D, th@omentum space wave functiorF : M - C is

p - F(p) = (plf). (3.1.6)
In particular, for the position k¢z) , the momentspace wave function is, f@OM
p-(pl2) = (&) ez, (3.1.7)
It is straightforward to show that, faryO D
[dep(xI pX(ply) = (&) [d®pe™ ex® = x35,, = (x]y). (3.1.8)
M M
Thus, Fourier inversion holds using the integrahmmentum space; for ay) 0 H?,
[dep(xIpXpf)y = [dopx® 3 (x| pX(plyXylf)=(x|f). (3.1.9)
M M y UD
So, we can identify the sum over discrete momeiitta an integral over M,
1=x3 3 IpXpl=[dlp)Xpl (3.1.10)
pOMp M
Then forany(f)OHr gOM
(alfy=x3 3 (alpXplfy=[dp(ql pX(p|f). (3.1.12)
pOMp M
Thus, for anyp, qO M
(gqlp) =d(p-0q), (3.1.12)

It is perhaps unexpected that the Dirac delta fanobn the test space of momentum
space wave functions has an exact representatiasm®oth function,

d3(p-0q) E%.[st exdp-q) (3.1.13)

xOD

3.2 Smooth representation

Definition: D is embedded into thmontinuum coordinate systemC,
D OC =[—xv,xv]3ORs3. (3.2.1)
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Definition: For anyx 0 C we may define thposition ket
)= X3 > 1pxplx) = [ d2pl p)(pIx) (3.2.2)
p D M

Definition: The wave function for |f(t)) O Hi(t) is the differentiable function
f(t):C - C.

x - f(t,x) = (x[ (1)) = x* ) (x|z)(z[ {(D) (3.2.3)

zUD

The wave function fofz) zOC ,is, forOC

X - f,(x) = fd3p<XIp><pIZ> = (%fjd%e‘xme—izm (3.2.4)
M M
It is easily verified that fox, z[0 D
f(x) = x33,, = (x]|2) (3.2.5)

So, the position function is the restriction of thave function to D, and, faa D
there is a one-one correspondence between thefwastéons f,(x), and basis ket$z)
such that smooth wave functions are a representafi@ finite dimensional Hilbert
space. Fop, I My

[d3xCplxx|a) = (£)*[doxe -9 = x:35,, = (p|a) (3.2.6)
C C

So, by linearity, we can identify the sum over die coordinates with an integral. The
identity operatorl: H* - H! can be written

L=x°3 (x| = [dxIx)(x] (3.2.7)
X C
Then forany|f) O H, yOC
It =% 3 (Y0l ) = [a3xCyIx)(x| f) (3.2.8)
X (e}
and for anyx, y[J C
(YIx) = 8(x-y) (3.2.9)
where the Dirac delta is a smooth function:
3(x—y)=x3 ;; @D = [dpem . (3.2.10)
pOMp M
3.3 Bounds

Since coordinate space is discrete, momentum gpabe 3-torus M, which is not
covariant. The theory would break down if physicadmentum could exceed
Pmax = TV X, wWherex is the lower bound of small lattice spacing, het$pacing appro-
priate to a given apparatus. In conventional uhéscomponents of momentum have a
theoretical boundp,,,, = TAc/X . It will be shown in RQG Il thie curvature
expressed in Einstein’s field equation is equivhterthe existence a fundamental dis-
crete unit of proper timex, between particle interactions of magnitude twilce
Schwarzschild radius,GM, for an elementary particle. For an electron okam,

X = 4Gm/ ¢ = 9.03 x 1(P% = 2.71 x 18'm, whereG is the gravitation constant, giv-
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ing a theoretical bound on momentum of 2.29 X4, or 4.08 x lb“kg for the energy
of a single electron, well beyond any reasonabégnlevel. Thus, in practice, physical
momentum does not approach the bound and theo# enrissue.

In fact, there is a much lower bound on energy-nmmion@ since an interaction
between a sufficiently high energy electron and alegtromagnetic field leads to pair
creation (the Greisen—Zatsepin—Kuzmin limit on #reergy of cosmic rays is
5 x loweV). It follows from conservation of energy thaettotal energy of a system is
bounded provided that energy has been boundedrat Eme in the past. This is true
whenever an energy value is known since a measuteshenergy creates an eigenstate
with a definite value of energy. Then momentunise &dounded, by the mass shell con-
dition. The probability of finding a momentum abdbe bound is zero, and we assume
that, for physically realizable stategsp|f ) vanishiesva the bound on each compo-
nent of momentum. The bound depends on the systelier wonsideration, but without
needing to specify a least bound, we may reasoragsyme that momentum is always
much less tham/ (4x).

A theoretical bound on momentum might introduceabofem of principle for Lorentz
transformation. If a high energy electron were ed$eyond the bound it might appear
after the boost with a low energy, or with oppositection of momentum. However,
realistic Lorentz transformation means that maapicmatter (i.e. the reference frame)
is physically boosted by the amount of the tramsgtion. For example, for a cubic lat-
tice with spacing equal to the Schwarzschild radiuan electron, a boost in the order
of 1t/ (4x) would require an energy of 2 x Y&olar masses per kilogram of matter to be
boosted. It is therefore reasonable to assumaertltzaty reference frame determined by
physical matter there is no other matter with sigfit energy to define a reference frame
boosted from the first by more thawy (4x), so that momentum remains bounded by
1t/ (2X) in all physically meaningful frames. Thus, in giiae, Lorentz transformation
cannot boost momentum beyond the level for which donsistently defined.

The non-physical periodic property ofp|f) can removwgdthe substitution
OupP)Xplf) - (p|f), where®,(p) =1 ifpOM andd,(p) = 0 otherwise.
The wave function (3.1.9) may then be replaced Withstandard form in relativistic
gquantum mechanics:

f(x) = (£)* [ d% (plf) ex (3.3.1)
R3

4 Observable Quantities
4.1 Probability Interpretation

To make the formal language precise, we must assigrerical values to the complex
numbers introduced in rule 1l, i.e. we must detemninagnitude and phase. Phase con-
tains information on the evolution of kets, andiw# considered later. Magnitude will
be determined from probability. It only makes setwstalk about probability when we
are actually going to do a measurement. When wacitmlly going to do the measure-
ment, a statement about hypothetical measuremanthe subjunctive mood,
automatically becomes a statement about real measunt, in the future tense. This



RQG I: Foundations 16

being the case, truth values for hypothetical tesulust be replaced by truth values for
future events, i.e. probabilities, when experimemesactually done.

In a typical measurement in quantum mechanics wadyst particle in near isolation.
The suggestion is that there are too few ontoldgedationships to create the property
of position and that measurement introduces interae which generate position. In this
case, prior to measurement, position does not exidtthe state of the system is not
labelled by a position ket. Instead, Hilbert spacased to provide a label containing
information about the about the probability of wiatuld happen in measurement. To
associate akeLf) , with a particular physical stasenecessary and sufficient to spec-
ify the magnitude and phase@f|f) from empirical data scientific measurement
of position we set up many repetitions of a systiescribed by the initial measurement
resultsf, and record the frequency of each resulEor a large number of repetitions the
relative frequency of tends to the probabilityp(x| f) , of finding the parictx. The
amplitudes of the componentg|f )  are determined frenptobabilities of measure-
ment results (not the other way about):

Postulate: For the state|f) O H! , the magnitudes of the coefficienss,f ) are
defined such that

Definition: If (f |f ) = 1 then|f) is said to beaormalised.
4.2 Measurement

Since only a general principle has been used ti@possible to measure position, it
is necessary to discuss other observables. Thé@uas to what other observables exist
cannot be discussed until after the treatmenttefactions between particles (RQG II).
It will then be assumed that all observables goeoduct of physical laws arising from
particle interactions. A full analysis of a giveasurement would require that the mea-
surement apparatus as well as the system beinguneglalse treated as a multiparticle
system in Fock space, in which time evolution fa interacting theory is known. Here
general considerations are discussed on the assumihiat interactions will be
described by linear maps on Fock space and thatureaent is always a physical pro-
cess describable in principle as a combinatiomtgfraction operators. For ged this will
mean that all observables depend only on the @exirrent operator and the photon
field operator. A complete resolution of the measuent problem would demonstrate
the projection postulate for any given apparatustzas not been given. The argument
given below makes the projection postulate readerfabreducing all measurement to
measurement of position. The view is that if wedfan physical process satisfying the
projection postulate then we may say it defineslagervable quantity.

Measurement has two effects on the state of acpggréiltering it due to the interaction
of the apparatus with the particle, and also chanthie information we have about the
state. New information causes a change of state ievine absence of physical change
because the state is just a label for availablainétion. Then the collapse of the wave
function is in part the effect of the apparatushanparticle, and in part the effect on con-
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ditional probability when the condition becomes Wmo This inverts the measurement
problem; collapse represents a change in informalice to a new measurement but
Schrddinger’s equation requires explanation —fatence patterns are real. The require-
ment for a wave equation will be found in section 5

Classical probability theory describes situatiansvhich every parameter exists, but
some are not known. Probabilistic results come fdifferent values taken by unknown
parameters. We have a similar situation here, bwtthe unknowns are not describable
as parameters. We assume no relationships betwsgéinlgs bar those generated by
physical interaction. An experiment is describedadarge configuration of particles
incorporating the measuring apparatus as well@aptbcess being measured. The con-
figuration has been partially determined by settupgthe experimental apparatus,
reducing the possibilities to those with definitgé@pmes to the measurement. It is
impossible, even in principle, to determine eveeyad of the configuration since the
determination of each detail requires measuremdérith in turn requires a larger appa-
ratus containing new unknowns in the configuratbparticles. Thus there is always a
lack of determination of initial conditions leading randomness in the outcome,
whether or not there is a fundamental indetermirirsmature.

When we do a measuremeklt,we get a definite result, a terminating decimah-or
tuple of terminating decimals read off the measwmetrapparatus. Let the possible
results be; 0 Q" fof = 1...N . We assume that the dimensidf'a$ greater thai;
this must be so if all measurements are reducibfegasurements of position, and can
be ensured by the choice of a lattice finer tharrésolution of measurement. Each phys-
ical state is associated with a ket, labelled g/ nieasurement result, so that if the
measured result il then the stat¢ks . The emapidietermination ofk;) as a
member ofl[* requires that we draw from experimental data #iaesof the inner prod-
uct (k;|f) for an arbitrary statd,f) . Without loss of gexligy |k;) and|f) are
normalised. By assumption, measuremerK of reducible to a set of measurements of
position, so that eack; is in one to one correspooe with the positiony;  of one
or more particles used for the measurement (g.g. ay bra the positions of one or more
pointers). Then,

K1) = Ky 1)) = P(yi | F) = P(k|f). (4.2.1)
is the probability that a measuremenKdfias resulk; , given the initial stajte) O H?
It follows from (2.5.1) that

(kilki) =05 = (yily;)- (4.2.2)
So, if the result ik; it is definitelly, and canmdthe same time bg  with# |

Measurement with resulk; , implies a physical acta a system and is represented

by the action of an operatdf; , on Hilbert spata.duantity is measurable we require
that there is an element of physical reality asged with its measurement, by which we
mean that the configuration of particles necesshgtomes such that the quantity has a
well defined value. In practice this means thatthi@ limit in which the time between
two measurements goes to zero, a second measurefileatquantity necessarily gives
the same result as the first. It follows thgt  iprajection operator (the projection
postulate),

Ki = ki) (ki (4.2.3)
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The projection postulate is too restrictive to didmrall numerical quantities used in the
classical description of nature, and will be rethaéter a discussion of expectations.

4.3 Observable Operators

The expectation of the result from a measureme#t, given the initial normalised
state,| f YO H? | is

(K) EZ ki P(k|f) = Z(flki>ki<ki|f> = (f|K|f). (4.3.1)

Postulate: The Hermitian operatoiK = Z| ki) ki (k| ,is called abservable k; is
thevalue of K in the statd k; )

Using (4.2.1) the probability that operators ddsng the interactions comprising the

measurement d combine to give the resuf; is
P(k|f) = Kkilf)Z = (flk)(kilf) = (FIKi[f). (4.3.2)

ThenP(k | f) can be understood as a classical probahilitgtion, where the random
variable runs over the set of projection operatkrs,corresponding to the outcomes of
the measurement. The physical interpretation isghehK; represents a set of unknown
configurations of particle interactions in measueemnamely that set of configurations
leading to the resuk;

4.4 The Canonical Commutation Relation

We may define the momentum opera®sr= —io2: Ht - H*  dor 1,2 3
Pa: |f) —jd3x|x>uaa<x|f> = —jd3x|x>uaaxp 3 (xIpXplf)

pO™M,
= X5 > IPpXp|f). (4.4.1)
ClearlyP? is Hermitian. Note that
Pa# [dp| p)px(p|f). (4.4.2)
M
The position operatoa: Il — I ,is givenfar= 1,23 by
Xa|f) = x3 ;D|x>xa(x|f>. (4.4.3)

It is not possible to differentiate under the sumthie producP?x®. From the property
that the trace of a commutator in finite dimensld#idbert space vanishes,

Tr([xs Po) = 0, (4.4.4)
it is seen that we do not have the canonical coratiout relation,

[Xa, Pb] £id,,. (4.4.5)
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Depending on the precise chosen definition of adikerete momentum operator we
have

[Xa, Pb] = 12 (4.4.6)

O O Bk
= O Fr O
O O O

o O+ O

This is replaced b_y a delta function in a continumeatment (taking a limit is highly
non-trivial, but it is neither appropriate nor nssary to give a formal construction of
rigged Hilbert space). If we formally definé by

X8|y = jdx| X)xa(x| ) . (4.4.7)
(e}

Then,
Pb>”<a|f>:—jdx| x>i6ab<x|f>—jdx| X)xaidb(x| fy = —id,,—X°Pb|f) . (4.4.8)
C C

So,
[X% P] = i8,y. (4.4.9)
and we conclude that2#X®*  and thél|f) O H?

4.5 Classical Correspondence

In the classical correspondence we study the bebawif systems containing a large
number,N, of quantum motions (this is sometimes calledtti@modynamic limit). A
classical property is the expectation, (4.3.1}hefcorresponding observable in the limit
N - o (noth - 0 as sometimes stated; Planck’s constantriplgia change of scale
from natural to conventional units and it wouldrbeaningless to let it go to zero). For
example, the centre of gravity of a macroscopicyliedh weighted average of the posi-
tions of the elementary particles which constitut8chrédinger’s cat is definitely either
alive or dead because, consisting as it doesarfja humber of elementary patrticles, its
properties are expectations obeying classical Gexived from (4.3.1), but the state sim-
ply encodes probability and the cat may be desdrésea superposition until the box is
opened. A precise treatment of the time evolutibolassical quantities requires the
prior development of an interacting theory whichl Wwe the subject of RQG II. It will
be shown there that determinate laws obtain f@satal quantities. In this paper we will
simply assume determinate laws for expectationisariarge number limit.

Postulate: A measurementof a physical quantity is any physical processhsihat a
determination of the quantity is possible in prpiei

In keeping with the considerations of section &&,assume that the existence of a
value for an observable quantity depends only enctinfiguration of matter. If a con-
figuration of matter corresponds to an eigenstbé@mmbservable operator then the value
of that observable exists independently of obs@wmatnd is given by the corresponding
eigenvalue. In classical physics there is sufficiaformation to determine the motion
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at each instant between the initial and final stapeto experimental accuracy. Interme-
diate states are similarly determinate and may deutated in principal by the
processing of data already gathered, or which cbeldjathered without physically
affecting the measurement. So in classical physiesmediate states may be regarded
as measured states, and we may say that theffaotively measured

The projection postulate is required if the resoftsneasurement are to be used to
name states in Hilbert space, but classical quesitian also be defined from Hermitian
operators when this is not the case. To say thgreitian operator has a well defined
value in a given state, a measurement should redgsgeld that value as the expecta-
tion of the operator. This is weaker than the prtoge postulate, which requires an
eigenstate (in which the value is trivially givey the expectation).

Postulate: For states consisting of large numbers of partictesclassical valueof an
observable quantity is given by the expectatiothefcorresponding Hermitian operator
(irrespective of whether the state is an eigenkstate

5 Evolution

The arguments in this section are known. They @r@wed to show that the contin-
uum equations do not require prior space or spaeetind because it is often not clearly
understood that the Schrddinger equation is stractheorem, not a postulate. It results
solelyfrom the requirements of the probability interptain and has no direct physical
content as an equation of motion.

5.1 Linearity of Time Evolution

The inner product allows us to calculate probabdifor the outcome of a measure-
ment provided that we know the ket describing higptital measurement at the time of
measurement. This is only useful if we can caleulaé ket at any timég,from a known
previous measurement result. Hilbert space refera¢asurement at timg,so that
|f (t)) O H(t), wheret is a parameter and we isomorphically identfy) = H for allt.
The position statgx) at tim& =t will be denoted bytt, X

Postulate:If at timet, the ket is|f (t,)) , then the ket at tirhis given by théime evo-
lution operator, U(t, ty): H - H, such that
[1(t)) = U(t, to)| f(to)) . (5.1.1)
If the state at timg, was eithe[f(t;)) ofg(ty)) ,then it will evolve into eithid(t))
or | g(t)) attimet. Any weighting inoR will be preserved, i.e., if
|h(t)) = al f(to)) + bl 9(t)) (5.1.2)
then

[h(t)) = alf(t)) + bl g(t) (5.1.3)
So,U is linear

U(t, to) (al f(t)) + bl 9(1))) = aU(t t)| f(to)) + bU(L 1) 9(to)) - (5.1.4)
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5.2 Continuity of Time Evolution

Irrespective of whether a model of discrete pagtinteractions might appear contin-
uous on the large scale, the evolution of ketxjgeeted to be continuous because kets
are not physical states of matter, but are ratrargbilistic statements about what might
happen in measurement, given current informatioob&bilities describe ouleascon-
cerning the likelihood of events. Whether or ndlity is fundamentally discrete,
changes in probability can be properly describe@ omathematical continuum. A dis-
crete interaction will not lead to a discrete chaimgprobability because we do not have
exact information on when the interaction takes@l& his being so, time evolution will
be modelled by a continuous operator valued functibtime, U, (see section 3.2).
Together with the considerations below, continistgufficient to ensure differentiabil-
ity. Since local laws of physics are always the saamdJ does not depend on the state
on which it acts, the form of the evolution operafor a time intervalt,
U(t) = U(t+tyty) does not depend dp We require that the evolution in an interval
t, +t, is the same as the evolutiontjrfollowed by the evolution ity, and is also equal
to the evolution irt, followed by the evolution iy,

U(t)U(ty) = U(t,+ty) = U(t)U(L,) (5.2.1)
In a zero time interval, there is no evolution. B@)) does not change the state.

uo) =1 (5.2.2)
Using a negative value tfeverses time evolution (put t; = -t,).

U(-t) = U(t)?. (5.2.3)

5.3 The Schrddinger equation

Since states can be chosen to be normalised weregayre thaty conserves the
norm, i.e. for all|g) ,

(glu'ulg) = [Ulg)I2 = llg)I2 = (glg) (5.3.1)
This is sufficient to show thal is unitary (appendix A). Thus the conditions ofrgt's
theorem (appendix B) are satisfied and we havelieat exists a Hermitian operatdy
known as the Hamiltonian, such that

U(t) = —iHU(t) (5.3.2)
which has solution

U(t) = eiht (5.3.3)
Theorem: The wave function satisfies the Schrédinger equnatio

0of(t, x) = —iHf(t,x) (5.3.4)

Proof: Differentiate the wave function using Stone’s theoy
0of(t, x) = (x|U[f (0)) = (x|-iIHU(t)|f (0))
= (X|iH[f (1) = —iHf(t, X) (5.3.5)
If we impose the mass shell conditi@f,= (p%?2 = m? + p? for some constamh, and

replace 3-vectors with 4-vectors, then a plane wstaée (3.1.2) is a solution of the
Schrédinger equation witH = E . Thysdoes not change in time, establishing New-
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ton’s first law.E is identified with energy aneh with mass. It follows that for an initial
state|f ) with momentum space wave functign f ) , the géselution is
f(x) = (£)*[dep(p| f) eixcp (5.3.6)

Thus the discrete position function (2.5.2) is weily embedded into the smooth
wave function, (3.3.1). Solving the Schrddingeramn extends the wave function to
R4 (5.3.6). Then the position function in any diserebordinate system is found restrict-
ing to discrete values. Thus we do not requireettistence of a physical continuum to
define quantum theory using smooth wave functions.

It will be observed that Newton'’s first law holasdoordinate space, C, not in curved
spacetime. The implications for the reconciliatadrquantum theory with general rela-
tivity are the subject of RQG Il

6 Quantum Covariance
6.1 The General Principle of Relativity

If time and position are not properties of prioasp or spacetime, but only of rela-
tionships found in matter, then it follows that fi@damental properties of elementary
particles have no dependency on time or posititis iE expressed in the principle that,
the fundamental behaviour of matter is always anerwgvhere the saméncorporated
in this law is the notion that local, physicallfe&sed, coordinate systems may always
be established by an observer in the same way. Hrisnwe may infer the general prin-
ciple of relativity,local laws of physics are the same irrespectivéhefcoordinate
system which a particular observer uses to quartkigm In classical physics, laws
which are the same in all coordinate systems ast gasily expressed in terms of invari-
ants, known as tensors. Then the most directlyiegdgke form of the principle of general
relativity is the principle of general covariantiee equations of physics have tensorial
form.General covariance applies to classical vector ifissmunder the assumption that
they are unchanged by measurement. But in quantechamics measured values arise
from the action of the apparatus on the quantutesycreating an eigenstate of the cor-
responding observable operator and we cannot génassume the existence of a
tensor independent of measurement. In practicaagehof reference frame necessitates
a change of apparatus (either by acceleratinggparatus or by switching to a different
apparatus). A lattice describes possible valuesntdiom measurement by a particular
apparatus. Eigenstates of displacement are detednbinthis lattice, i.e. by the proper-
ties and resolution of a particular measuring agipat So, in general, eigenstates in one
frame are not simultaneously eigenstates of a sporeding observable in another frame
using another apparatus (c.f. non-commutative gégmeonnes, 2000). For the same
reason classical tensor quantities do not, in géneorrespond to tensor observables.

6.2 Quantum Covariance

The broad meaning afovarianceis that it refers to something which varies with
something else, so as to preserve certain matheahedlations. If covariance is not now
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to be interpreted as manifest covariance or gegerariance as applicable to the com-
ponents of classical vectors, then a new form efigance quantum covariance is
required to express the principle of general reiligtithat local laws of physics are the
same in all reference frames. Quantum covarianttenean that local laws of physics
have the same form in any reference frame buthaitthe same physical process may
be described identically in different referencerfess, since the reference frame, i.e. the
choice of apparatus, can affect both the procedsnstudy and the description of that
process. Since coordinates are determined by miysEasurement which has finite res-
olution, under transformation of the coordinatetsys(passive Lorentz transformation)
there is also a change of basis for Hilbert sp@o@ntum covariance observes that, since
the choice of basis is arbitrary, and Hilbert spamatains a continuum of statps) for
x 0 R3, any breaking of manifest covariance by the chofdeasis is irrelevant.

Postulate: Quantum covariancewill mean that the wave function, (5.3.6), is defi

on a continuum, while the inner product, (2.5.4)discrete, and that, in a change of ref-
erence frame, the lattice and inner product appatgpro one reference frame are
replaced with the lattice and inner product of Aeat

Thus, from an initial position function defined Gnthe position function at any time
is given by
(x| ) =f(X)]s. (6.2.1)
and if, in a change of reference frame, the spaeetioordinate system S is replaced by
S', the new position function is given by

(x| ) =1f(X)]|q- (6.2.2)
We have seen that the consistency of quantum @nagiis ensured if the support of

(p|f) is bounded as described in (3.3).
The general form of a linear operat@ron . is, for some complex valued function

O(x y)

O =x3 DI><>O(>9 )yl - (6.2.3)

Xy

According to quantum covariance, this expressi@dminvariant form under a change
of reference frame. This will be important for thefinition of quantum fields in RQG
I, since these are operators and are not marnjfestlariant as is usually assumed. The
invariance of operators under rotations is pertagsst a little surprising, particularly
when one considers the presumed importance of pstrbvariance in axiomatic quan-
tum field theory. It may be clarified a little with nautical analogy. On a boat the
directions fore, aft, port and starboard are irarairbecause they are defined with respect
to the boat. Similarly operators are necessarifindd with respect to chosen reference
matter and have an invariant form with respecetenence matter.

7 Conclusions
It has been established that formal conditionals#s about hypothetical measure-

ment results have the natural structure of a fiditeensional Hilbert space in which the
inner product can be understood as complex trutiegdor statements in the subjunc-
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tive mood. Coefficients are constrained by probgds which apply when hypothetical
measurements are replaced by actual measuremeattharsubjunctive mood is
replaced by a factual conditional.

It is shown that for any coordinate system thetmmsfunction can be embedded into
a smooth wave function obeying the Schrédinger gguaWave functions are thus
directly related to probabilities and do not deseran objective property of matter.
Instantaneous collapse of the wave function is méne collapse of a conditional prob-
ability when the condition becomes known. Thus,r8dimger’s cat is not an objective
superposition of quantum states, but simply a giiséic statement that if the box were
to be opened there would be a 50-50 probabilifinafing the cat alive or dead.

The fact that the underlying Hilbert space is 8ndimensional has implications for
the construction of ged and for the ultravioletadtyences and the Landau pole. This will
be studied in RQG Il. The canonical commutatioatieh does not hold in finite dimen-
sional Hilbert space, but can be said to hold imsa@approximation. In the limit
X - 0,v - oo, (X]Yy) is not defined. Consistency requires that ptatgicedictions are
independent of andv (for sufficiently Iarge)('l andv). Since physical momentum is
bounded by considerations of energy conservatiammemtum space wave functions
representing physical states have bounded supgfrortided thaj is sufficiently small,
the bound,;/X , on momentum has no physical impoffor/& of covariance can be
preserved because discrete coordinategr®naturally determined from the measure-
ment apparatus used to define the reference fram@echange of reference frame, the
discrete coordinates and inner product appropriat®e apparatus is naturally replaced
with the discrete coordinates and inner product@mmate to another.

A physical metric has not been introduced in tlaiggy. As a result, Newton'’s first law
holds in coordinate space, D, which is defined frgmysical procedures such that the
speed of light is constant. Gravity will be intragwal in RQG Ill. The formulation has
observational consequences in astrophysics andatogg which are the subject of
RQG IV. The treatment of expansion has implicatifmmsmissing mass, the cosmologi-
cal constant, lensing, galaxy rotation curves &wedanomalous Pioneer blue shift. Good
agreement will be reported between predictionsarsdrvation.
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Appendices
Appendix A Unitarity of U

Since states can be chosen to be normalised weregayre that) conserves the
norm, i.e., for all|lg) ,

(glu'ulg) = (glg).
Hence, applying thistpg) + |f )
(gl+{FPUTU(lg) +11)) = (gl+Cf DGy +1f)).
By linearity ofU
(gluT+ (T UNUIg)Y +UI)) = (gl+(fDUg)+]f)).
By linearity of the inner product
(g|UTU|g) +(glUTU| f) +(f|UTU|g) +( f|UTU|T)
=gl +<gl F)+(flg)+(f|f)
(glUTU] ) +(f|UTUlg) = (gl f)+(flg).
Similarly
(gl=i(f PUTU(lg) +ilf)) = (gl=i(fD(g)+ilf))
(g|U'U]g) +i(g|UTU| f)—i(f [UTU|g) +(f|UTU|T)
=gl +iKg| f)—iCflg)+(f[f)
(g|UTU| f)—(fIUTUlg) = (gl F)—(flg).
Combining these results shows thais unitary,
(gluulf) = (gl f).



RQG I: Foundations 26

Appendix B Stone’s Theorem

The derivative ofJ is

c_dU _ o U@t+dt—U®) _ . UdHUE) —U (1)
U= dt J:rpo dt - J:rpo dt
_ (. U(dt) -1 _ . U(dt) -1
= (ym 2= u(o) = ueo( 1m LED=2)

This prompts the definition of the Hamiltonian ogier, which has no formal depend-
ency on.

Definition: TheHamiltonian operator H: Hl - H is given by
H = i lim YA =1,
dt-o dt
We have
U(t) = —iHU(t) = —iU(t)H.
So
—-iH = U0 = uu™.
SinceU is unitary, for a small timdt,
UTt+dtu(t+dt) = 1
[UT(t)+U T(t)dt][U(t) +U(t)dt] = 1.
Ignoring terms in squares df and using<H = U'U jH = U'U |,
UT(t)U(t) —iH dt+iHdt= 1.
Using unitarity ofU, we find thatH is Hermitian,H = HT . We have the differential
equation

U(t) = —iHU(t)
which has solution,
U(t) = elHt,

This result was first proved by proved by Marsigiine (1932).
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