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ABSTRACT

Context While causal perturbation theory and lattice tageation allow rigorous treat-
ment of the ultraviolet divergences in ged, theyndt¢ resolve the Landau pole, or
address guestions of physical interpretation. Relat Quantum Gravity | (RQG I) pre-
sented an interpretation of quantum mechanicgsoay of measurements of particles,
and found a representationdimensional Hilbert space, for finit¢ in which vectors
are smooth wave functions such that differentisgdrapors are defined and a form of
covariance is obeyed.

Aims To construct quantum electrodynamics from quannachanics as formulated in
RQG .

Methods Quantum field operators are defined from creadiod annihilation operators
on Fock space, obeying quantum covariance andityycahd suitable for a description
of particle interactions under the Feynman-Stuiakebnterpretation.

Results The formulation is consistent and yields prediasi for largeN which are iden-
tical to those of quantum electrodynamics withadlp divergences removed. Quantum
fields are operator valued functions, not distiitmu$. The Landau pole can be avoided
by introducing a physical cut-off in the form ofranimal proper time between discrete
particle interactions. Maxwell's equations and timeentz force law are derived in the
classical correspondence, showing that bare maksharge are equal to their physical
values.

Keywords: Theory of quantised fields; Field theory: axiorapproach; Unified field theories and models;
Quantum electrodynamics.
PACS: 03.70.+k, 11.10.Cd, 12.10.-g, 12.20.-m

1 Introduction
1.1 Background

Particle theoretic ged has been largely out ofdavor more than half a century (Fey-
nman being a notable exception; Schweber, 1994) there have been many
developments in understanding during that time. Agithe problems particle ged has
to face are the requirement of a positive definiem for valid probabilities, the inde-
finability of the equal point multiplication betwedield operators, loop divergences,
and the Landau Pole. The purpose of the preseet @i review the particle theoretic,
or Fock space, formulation of quantum electrodymarm the context of the formulation
of quantum theory given by Francis (2009; RQG K smshow that a non-perturbative
model exists (in the strict mathematical sensa},Maxwell’s equations and the Lorentz
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RQG II: Quantum Electrodynamics 2

force law are derived in the classical correspondeand that bare mass and charge are
equal to their physical values. The constructioasdioot alter the predictions of pertur-
bative ged.

Although a finite dimensional basis is used fordit space, statds) are defined
for continuum values 0 R3 |, and a form of covariancelisyed. Using finite dimen-
sional Hilbert space, fields are operator valuettfions, not distributions. they describe
the potential for the creation or annihilation gbarticle in an interaction. This cannot
be reconciled to interpretational statements wiaich sometimes made about models
which arise from the quantization of classicaldglsuch asThe free field describes
particles which do not interat{Glimm & Jaffe, 1987, p 100) diin its mature form,
the idea of quantum field theory is that quantuetdg are the basic ingredients of the
universe, and particles are just bundles of enenggt momentum of the fieldgWein-
berg, 1996).

1.2 Quantum Covariance

RQG I found a representation of a finite dimensidtitbert spaceHl, using smooth
wave functions and containing kets correspondirtgeaneasurement results of a single
particle at given time. For somel] N |, and for somticespacingg 0 Q witlx >0
thediscrete coordinate system

D = (=xv, xv]3 0 (x1)3, (1.2.1)
is embedded into theontinuum coordinate system
C =[—xv, xv]3OR3. (1.2.2)

For the finite discrete time interval, 0 x/. , such thay particle under study will be
measured in D for timesO T , tliéscrete spacetime coordinate systeiis
S=TOD
and is calibrated such that the speed of lightrizdlally to the origin.
For{|x), x 0 D} is a basis fdi*. Forx 0 C, |x) is defined as a linear combination
of basis states. A discrete subseg, Mf continuum momentum space,

=10 3 3
M= XV[ v,VI*OR (1.2.3)
contains a basis of momentum states,
{Ip), POMp =M n (Xp1)3 Xp = TV (XV)} . (1.2.4)
The identities, for al|f) O H?

1) =X3 3 (x| ) = [dex]x)(x] f), (1.2.5)
xUD C

1f)=x2 3 IpXpIf)=[dplp)plf). (1.2.6)
pOMp M

were established. For continuum positionsy [ C , antherda,p, g0 M the inner
products{y|x) andq|p) are smooth functions which act aaddilelta functions
under the integral, and which become Kroneckemadait the restriction to the position
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and momentum bases. It was seen that the Schrd@iggation applies and that energy-

momentum is given by the opera®t = —io®: H* - H*
Pa: |f) — —[d™xiox(x|f) = x5 > Ip)pX(pIf). (1.2.7)
c [Jupy s

The canonical commutation relation appears whesuheis replaced by an integral, but
the result of this replacement is notlih.

It is observed that, due to energy conservationgandcreation, physical momentum
space wave functions have bounded support, wherédhnd is much less than the
bound on M, and that in the probability interpretaf the discrete form of the inner
product is directly related to the physical appasaised to determine the reference
frame.Quantum covariancewas defined to mean that the wave function isnefion
a continuum, while the inner product is discretel tnat, in a change of reference frame,
the lattice and inner product appropriate to oferemce frame are replaced with the lat-
tice and inner product of another. In relationahium gravity, quantum covariance is
taken to be the correct expression of the prinagblgeneral relativity in the quantum
domain.

1.3 Outline

Notations described in RQG | will be used. Basethenquantum covariant formula-
tion of quantum mechanics the construction proceeder broadly conventional lines.
Section 2Particles introduces spin and reviews the photon and thad}particle. Sec-
tion 3, Interactionsintroduces the interaction Hamiltonian. The Haomiain density is
introduced, and locality requirement is seen fromperturbation expansion. Section 4,
Field Theorydefines the Dirac field operator, describes thetgh and defines the pho-
ton field. Without assuming a Lagrangian or claalsiaw, section SElectromagnetism
derives the interacting Dirac equation and estabisMaxwell's equations and the
Lorentz force law from the minimal interaction itniwh a Dirac particle emits or absorbs
a photon, thereby showing that the physical madsaunpling constant are equal to their
bare values in the low energy limit. Sectior-thite Quantum Electrodynamickefines
the Dirac propagator and describes the correspaadesith causal perturbation theory
(Scharf 1989) and with lattice regularization (eMontvay & Minster, 1994). The cal-
culation of Feynman rules is given in appendix ectibn 7, Conclusiorsummarizes the
results and discusses implications.

2 Particles
2.1 Dirac Particles

In RQG |, it was shown via Stone’s theorem thafdiobability interpretation requires
a first order Schrodinger equation. There is naaciawit first order equation for a spin-
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less particlé and, following Dirac (1928), a spin index is adde the ket. When there
is no ambiguity spin is suppressed. Explicitly

[X) = |X,0) = |X), (2.1.2)
| will use the normalisation
Ox, yO 2 (x,aly,B) = (X[¥)as = X0yy00p - (2.1.2)
The inner product is
(gl f) = X3 (gIxXX| ) = X*>9a () fa(x), (2.1.3)
D D

where the summation convention is used for spiicex As described in RQG |, posi-
tion functions defined on the discrete spacetinmdioate system S are embedded into
smooth wave functions. Wave functions now haveimisgplex,

fa()g = (X T, (2.1.4)
The first order equation required by Stone’s theoigthe Dirac equation
i0 Oyf(x) = mf(x). (2.1.5)
Using bold type for 3-vectors, the solution to Bieac equation is (appendix C)
fo(x) = (2" [d% F(p. ug(p. 1) e, (2.1.6)
r=1m
whereF(p,r) is the momentum space wave function giver,at 0 by
F(p,r) = (p,r|f) = (%J”Zx?';u(p, r)'f(0, x)e*, (2.1.7)
p satisfies the mass shell condition, and a Dirac spinor having the form,
¢(r)
_ [Pot M _
u(p,r) = forr = 1,2, (2.1.8)
2P QZ(r)
Po+ M
whereo = (0,,0,,03) are the Pauli spin matrices afitb a two-spinor normalised so that
La(1)'Ca(s) = By, (2.1.9)

where the summation convention is used for repesgadindices. In this normalisation
Uya(p, r)Tug(p, s) = . (appendix D). It is common to choose a relatigistbrmalisa-
tion by multiplying Dirac spinors by/2p® . Since weiniately divide by normalisation

to calculate probability, this makes no differet@@redictions. The normalisation used
here is consistent with the idea that probabibtplbserver dependent, and leads to sim-
pler formulae.

2.2 Antiparticles

The treatment of the antiparticle modifies the 8dliserg-Feynman (1941 & 1949
respectively) interpretation by considering the snstsell condition. The Dirac equation
is most readily understood as the equation of mdtoa particle in its own proper time.
If every particle has its own proper time. If thesao other fundamental time, then it is
natural to think that one particle's proper time ba reversed compared to another; anti-

1. This applies to fundamental particles but dogspneclude scalar composite or scalar ghost pesticl
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matter is matter whose proper time is inverted camreg to surrounding matter. A sign
is lost in the mass shell condition, due to theasgd terms, but a time-like vector with
a negative time-like component provides a natuefihition of m < 0. So, permissible
solutions of the Dirac equation, (2.1.5), have posienergye = p°>0 whemis pos-
itive and negative energy whemis negative. Complex conjugation reverses timd, an
the direction of momentum, while maintaining thelmability interpretation and restores
positive energy, and we also change the sign ofspmas- —m. Thus the negative
energy solution is transformed and satisfies

i0 Oyf(x) = —mf(x), (2.2.1)
wherey is the complex conjugai@g = y!; . The solutichéswave function for the
antiparticle

() = ()73 [dp F(p, 1)u(p,r) e, (222)
r=1Mm
whereF(p,r) is the momentum space wave function given by
F(p,r) = (&) X33 ¥(p, r)" (0, x)e*™, (2.2.3)
D

p satisfies the mass shell condition, and is thepex conjugate of the Dirac spinor,
+mloh
o+ m| E2(r)
0
¢(r)

The spinor has the normalisatiog(p, r)'v,(p,s) = &, . The use of (2.2.2) and
(2.2.3) will be reconciled with the more uswah the definition of the field operators.

v(p,r) = forr = 1,2. (2.2.4)

2.3 Conserved Current

Definition: TheDirac adjoint of a Dirac spinon, is T = u'yo. .

Since the interpretation is based on probabiligotly, we need a relativistic statement
that probability is conserved. That is, we reqainéector current densif§ such that

0,j2=0 (2.3.2)
and the probability density for finding a partietex is
jo(x) = f(x)Tf(x) (2.3.2)

Postulate: Current densityis j2 = ?yaf.
Current density satisfies,
0.j2 = 0, (fTyoyaf) = (8, f Yya'yof + T yaa, f

= im ff-im ff=0. (2.3.3)
as is required of a conserved current.
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2.4 Creation Operators

In interactions, particles may be created and dgstt. The creation of a particle in
an interaction is described by the action of a Go@aoperator, and destruction is
described by an annihilation operator. A changstate of a particle can be described as
the annihilation of one state and the creatiomoflaer. Thus, a complete description of
any process in interaction can be achieved thra@ogtbinations of creation and annihi-
lation operators. Creation and annihilation opersitare linear operators, and
incorporate the idea that when a particle is crbitis impossible to distinguish it from
any existing particle of the same type, so that thgomatically (anti)symmetrise states
of identical particles. A creation operator is elysassociated with the state which it cre-
ates, and will be denoted as a ket, with an untetb distinguish it from a state.

Definition: Ox 0D thecreation operator [x):H — H isOy, y ON,i = 1,...,n
101 = 1%)
0:1y) = POly) = Ix5y) = jtz[(IX% 1Y) +k(ly) [X))]

Oy y") - LiKilylﬁ-lyi>Ix>|yi+1>---|y”>J (2.4.1)

1
LN+ 1\
where|x) appears in thelth position in théth term of the sum. It is routine to show
thatk = £1 for Bosons and Fermions respectively. Momegally, creation operators
are defined by linearity

OIHOHS 1f) = X33 (xIHIX (24.2)

x0D

The space of (anti)symmetric states] H is generated 11° = {|)} by creation
operators. Physical states are elements of

Definition: O|f) O H*, theannihilation operator ( f |:F - F is the Hermitian conju-
gate of the creation operatph ):F - I (f| = |f)T

3 Interactions
3.1 The Interaction Hamiltonian

Time evolution is modelled by a continuous operdttt) : ' — [, such that(t) is
formally the same for at}) (RQG | section 5),

U(t) = et (3.1.1)

Postulate:In a time intervalt, there either is, or is not, an interaction. By ithentifica-
tion of the operations of vector space with weighDiR between uncertain possibilities,
time evolution including the possibility of an indetion is described bytdamiltonian,
H:F - F, with

H = H, + Hj, (3.1.2)
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whereH, is thefree Hamiltonian, andH;,,; is a Hermitian operator describing an inter-
action between particles, called tinéeraction Hamiltonian. H;,, is defined with no
component corresponding to the absence of interacti

Ox' ON,OnON, (xt;..;x"|H,,|xt;...;x") = 0, (3.1.3)
In generalH;; will be a sum of terms for different types of irgetion. Here only one
type of interaction will be considered. Thus, thelation of a state is given by
0ol f(t)) = —IH[f(t)) = —i(Ho+ Hin)| (1) (3.1.4)
It is convenient to separate interactions from pradicle evolution by working in the
interaction picture, so that

I, (1) = ™[ f(t)) (3.1.5)
A(t) = et (3.1.6)
H(t) = "o'H; e (3.1.7)

As is common practice, the suffix | denoting thieraction picture will be dropped when
there is no ambiguity. Evolution is given in théeiraction picture by

U(t) = eolerint (3.1.8)
Differentiating gives (appendix A)

U(t) = —iH,U(t) (3.1.9)
which has solution(0) = 1 )

u) = et (3.1.10)

3.2 The Hamiltonian Density

We assume that we can define a Hermitian intenactensity operatod,(x) , having
the same effect on a matter anywhere and at amy #isrequired by the general principle
of relativity. By the identification of addition i logical disjunctionH, can be written
as asum.

Postulate: The Hamiltonian (or interaction) density, 1(x) : F - F, is a Hermitian
operator such that the interaction Hamiltonian is

Hi(x%) = X3 1(x).. (3.2.1)
Z
3.3 The Perturbation Expansion

Without loss of generality, lét, = 0 . Lef = jx  fqord 1. . Thémwtdiscrete time
interval is.7 = {t;|0<j <n for somen [J 1}

U(ti.1) = UU() = (1-iH,(5)x)U(Y) (3.3.1)
Iterating
U(t)) = 1—-iH,(ty)X (3.3.2)

U(t) = (1-iH(t)X)(1=iH,(to)X) (3.3.3)
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Expand aften iterations

U(t,) = 1+ (- |x)ZH(t)+( |x)2ZZH(t)H(t)+ (3.3.4)
Substituting (3.2.1) e
U(t,) = 1+ (- IX“)ZI(X)+( IX“)ZZZI(X)I(X)+ (3.3.5)

j>1i=0

where the sums are now over space as well asTihig can be rewritten

u(t) = 1+z( FOLD YNy zl(x) A1)

Ik>lk 1 | >| I
(3.3.6)
It WI|| be observed that in the limigx - O
this reduces to the standard integral fo

(appendix E), and that improper integr:

must be used. In consequence care is neFigure 1: Interaction terms showing a) two cr
in the order of taking limits. tion and two annihilation operators, and b)
creation and three annihilation operators.

3.4 Time Ordered Diagrams

final state

Any operator on Fock spacé, can be antiprticle
written as a sum of products of creation & partic antiparticle
annihilation operators. The change of st particle
associated with an interaction can
described as the annihilation of one state .
the creation of another. Thus, a comple
description of any process in interaction ¢
be achieved through combinations of creat
and annihilation operators. Expand the int
action density](x), as a sum of terms of th initial state
form Figure 2: Time-ordered diagrams for two inter

I(X) = |2(>1 |2(>m<2(|m+1<2(|n (341) tions

where|x); and x|; are creation and annihilation operdtorthe particles and antipar-
ticles in the interactiori(x) can be represented diagrammatically as a vemexode
(figure 1). The diagram is time ordered from botttrtop so that the lines above the
node correspond to creation operators, and thdew ltlee node correspond to annihila-
tion operators

The perturbation expansion fog (t)|JU(t)| f (0))  generates a biaédteen each
annihilation operator x|, , and every earlier creabperator,|x); , and every particle
in [T (0)), and a braket between every creation opergtdr, and every particle in the
final state{g| , All other brakets are zero. Theskeéts can be represented graphically
by connecting corresponding vertices (figure 2hds representing particles are shown
with arrows from bottom to top, and lines represanantiparticles with arrows from top
to bottom. Then the™ term of the perturbation expansion is a sum ah$greach rep-
resented as a time-ordered graph containiagrtices.
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3.5 The Locality Condition

Definition: Lett; {u;|u; = t, for somet, 1 .7} be an unordered set of times in T. et
be the permutation such thagy) > tr,) > ... t1y,. Then theime-ordered product is

T{(t) . ()} = Htyy) -1 () (3.5.1)
Hence, we can write the perturbation expansiong3.3

u(t,)= 1+ZLX_-)- Z Y T 1))} (3.5.2)

(P DERTI D i ¢|1| =1

Theorem: (Locality) For anyx, y, such thak - y is space-like,I[y), [(X)] =

Proof: Under Lorentz transformation, the order of inteia, 1(x;), 1(x) can be changed
in the time-ordered product whenever x is space-like. Under the condition that the
initial and final states are stable states of fradicles, as in scattering experiments, the
calculation of probabilities cannot be affectedcality follows immediately.

4 Field Theory
4.1 The Dirac Field Operator

The interaction of a particle will be modelled by tannihilation of the old state of the
particle and the creation of a new state. Sinceamemeasure the position of an electron,
it must be possible to form a projection operatordosition at given time,

Xp(X) = [XXX]| (4.1.2)
from the Hamiltonian density and a suitable confégion of matter (more accurately,
Xp(X) is summed over a small range of positions depgndn the resolution of meas-
urement). The interpretation of antiparticles agatiwe energy particles going
backwards in time means that the annihilation négative energy particle appears as
the creation of a (positive energy) antiparticteftsat antiparticle annihilation operators
appear symmetrically in the interaction operatoa isum with creation operators. This
motivates the definition of the Dirac field openato

Definition: TheDirac field operator annihilates an electron or creates an antipayticle
We(X) = [X, a) +(X, af (4.1.2)

Interaction operators will be products of field ogters. There are strong reasons,
base on locality, for thinking that interaction ogters are products of field operators
with the same general form. The Hermitian conjugdita quantum field operator, has
the reverse effect, creating a particle or anniimfaan antiparticle. The observable
quantity, current density, uses the Dirac adj@atywe expect the Dirac adjoint operators
to appear alongside field operators in the Hamidtorensity.

Definition: TheDirac adjoint of the annihilation operatdrx, a| creates a particle,
R, a) = 31X WY = (£)" [d*pTulp, )er™p, r) (4.1.3)
H r M
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The bound on the momentum space integral doedfeot aovariance, since the opera-
tors act on states having wave functions with bednslpport in momentum space.

Definition: TheDirac adjoint of the antiparticle creation operafor, a)  annihilaes
antiparticle,

(X, al = S(E, Uy = (£)S [dpW(p, r)erXp, ). (4.1.4)
U rmMm

Definition: The Dirac adjoint of the field operator creates a particle or aaibgs an
antiparticle,

W00 = Wl 0V = IR, @)+ (X, al. (4.1.5)
4.2 Locality of Dirac Field Operators

Since Dirac particles are Fermions we have anticatation relations for the Dirac
field operator.

{Wa(¥), W)} = {W(x). Yp(y)} = 0. 4.2.1)
Dirac field operators will appear in pairs in tharhiltonian density in such a way as to
ensure commutation relations required of the logalndition.

Theorem: The equal time anticommutation relations for theabDifield and Dirac
adjoint and obey:

{Wa(9, W, (N}o=y = Ve(X-Y) (4.2.2)

Theorem: (locality) The anticommutation relation for the Bir field and the Dirac
adjoint is zero outside the light cone.

Proof: appendix F
4.3 The Current Density Observable

For electrons, current is an observable quantityc&smeasurement is always the
result of interactions between matter, a Hermitiperatorj, whose expectation is the
classical electrical current must appear in the #Htaman density. To ensure that local-
ity is satisfied, current is composed of Diracdieperators.

Postulate: Thecurrent density observableis j3(x) = :/qT(x)yan(x):
Then, given the particle staté ) it with f(x) = (x|f),
(G2 = CF 1) 1) = CF () + (RDYa(IX) + (x| )

= T (X)y3f(x), (4.3.1)
in agreement with current density for a single ipkrtstate (2.3.3). For antiparticle
states, spin indices are transposed. Transposteguivalent to pre- and post-multiply-
ing y by a matrix, with ones in the trailing diagonablazeros elsewhere. This has the
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effect of reversing the order of the spin indicesus, a negative energy spin down elec-
tron will appear as a positive energy spin up posit

4.4 Photons

We seek to introduce interactions between partisiesh that the interaction operator
has an invariant form. Since the current densiseolablej?(x), is a vector, a covariant
theory can be found by contracting it with anotHermitian vector operatoA?(x). The
possibilities are severely restricted. The nataral simplest thing to try is to introduce
a particle with a spin index which transforms agetor, and which is its own antiparti-
cle, i.e. its creation and annihilation operat@pear in the same field operator. Vector
particles may have non-zero mass, but empiricalesge is that this is not so for the
photon at the limit of experimental accuracy. Zerass is assumed.

Definition: Thephoton field operatoris A3(x) = |x, & +(Xx, d .

Postulate: The Hamiltonian density for ged is 1(x) = eja(x)A.(X) , wheree is an
experimentally determined constactharge.

With this Hamiltonian density, photons are alwaiyiser created or destroyed in inter-
action. We cannot, therefore, talk of measuremeiritse position of a photon (a position
observable), but only of measurement of the pas#ibwhich it was annihilated, or the
position at which it was createxlis not the position of a photon, but rather theitian
at which a charged particle would be found to hewetted or absorbed a photon, if a
measurement were carried out. This requires thagxtend the fundamental rules of
quantum theory introduced in RQG I.

RULE Vllla. |x, a) = |X,a)|) is the formal conditional claus# a measurement
found the creation of a photon at x, ...”

RULE VllIb. (x, a] = (|{x, a| is the formal consequent clause, then a measure-
ment would find the annihilation of a photon at x”

RULE Villlc. The photon position function, (x, a f) = (|]A%(x)|f) is the formal
statement;if |f ) were known from previous measurement, themtler measurement
would find the annihilation of the photon at.x”

4.5 Plane Wave Photon States

Since momentum is a conserved quantity (appendix it possible to talk about
the measured momentum of a photon state. A photated with a given momentum
will be annihilated with the same momentum. Sayilt be required that plane wave
states are an orthogonal basis. First define & lhasspin states.

Definition: For momentunp,
w(p, 3) is a longitudinal unit 3-vecton(p, 3) =p/ |p|,
w(p, 1) andw(p, 2) are orthogonal transverse unit vectors, sp foer = 1, 2, 3,
w(p, r) - w(p, S) = 9,s. The normalisedpin vectorsairew(p, 0) = (1,0) and

w(p, r) = (0,w(p, r)).
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Definition: For momentunp, thephoton plane wave statg|p, r ), in Mis given by the
wave function,

(x|p,r) = A(lpl, r)w(p, r)e’x>, (4.5.1)
wherep? = 0 (the mass shell condition) akds a scalar, to be determined.
The scalar), is required because the states= |x)|) refer to thethgpoal mea-

surement of position of the electron which emishaton, not the position at which a
photon can be measured. Since photons are alwestedror annihilated in interaction,
and cannot be in eigenstates of a position operat®rdo not require that the states
Ix, @ = [X, &]|), are orthogonal.

Direction is determined by the distribution of neattnot by fundamental assumption,
soA depends only on the magnitudepotWe require thatq, s|p, r) is a delta function,

(g.slp,r) = n(r)d0(p—-a), (4.5.2)
wheren(0) = -1 andh(r) = 1 forr = 1, 2, 3. The minus sign fron(0) does not alter the
expansion of the inner product for an orthonornaai$. The braket for the photon is,

(glf) = 3 [d*p(glp.r)(p.rlt). (4.5.3)
r=0M
The resolution of unity takes the form,
1= iﬂgdﬂolp, .. (4.5.4)
r=0

We do not havé f | f ) >0 ; the braket is not positive dedinih conflict with the cal-
culation of probabilities. In practice, we only de¢o generate probabilities for
observations. Since probabilities must be positive,impose the condition that, in
observations on the photon, there is no polarisdietween time-like and longitudinal
states,
(p,0|f) =(p,3|f). (4.5.5)

Physically, any polarisation breaking (4.5.5) wboked to be caused by an interac-
tion creating that polarisation. Clearly, no sucteiaction is known or possible. If one
were to start with Coulomb gauge (as used in mtandsrd approaches), then (4.5.5) is
automatically satisfied after Lorentz transformtithis restriction, probabilities for the
observation time-like and longitudinal states amzand the braket reduces to

(glf) = 3 [dp(glp, r)(p.rlf). (45.6)

r=1M

which is positive semidefinite. It will be seenthd four polarisation states are required
for the derivation of Maxwell’s equations. We camclude that the unobservable states
have a real effect, and represent real partickasthe probability interpretation allows
only the observation of a subspace containingwltettansverse polarisation states, on
which the inner product is positive definite. Thraket is invariant under the addition of
a light-like polarisation state, from which it foWs that light-like polarisation cannot be
determined from experimental results.

We require that the probability for the creatioragfhoton ak and its annihilation at
y is invariant. Observe that

S n(rwa(p, We(p, 1) = —geb . (4.5.7)

r=0
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Then, setting

Adlpl.r) = (&)
gives

<l’ al X! b>

(4.5.8)

2p°

d3p(x, &p, r){p,rly, b

d3pn (r)A(lpl, A (pl, r)wa(p, r)wb(p, r)e-rx-y

by
%)

ab ds3
= _g_%fib%eﬂpmx )

_ a 4na-ipix—Yy) 2
8113“J;d pe P -»3(p2) , (4.5.9)

which is invariant because the bound on the monmergpace integral is invariant in
Lorentz transformation.

4.6 Evolution of Photon States

We may expandx, & in terms of wave states,

x & = 3 [dplp,r)p,r i a

r=0M

= ("% j-—P—wa(p r)ex®lp, ) (4.6.1)
r= OM
Then the wave function for the stgte) is
00 = (2)"°Y —P—wa(p rexm(p, r|f) (4.6.2)
2 r= O“IAN p

Sincep is the momentum vector for a zero mass partibke viave function satisfies a
Klein-Gordon Equation,

02f% = 0. (4.6.3)
Conservation of probability applies to the creatmm annihilation of particles. Differ-
entiating the wave function gives a first order &ipn as required by Stone’s theorem,

g, f* =0. (4.6.4)
4.7 The Photon Field Operator

The creation operator for a plane wave state isrglw |p,r)|) = |p,r) . Substi-
tuting gives thghoton field operator, -

A3(x) = |x,a+(X, d
= r —OEEeiPEX LYy +eiPXp r)wa(p, r 4.7.1
,gon( )JA@< Ip P, rwa(p, r) (4.7.1)
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Theorem: The photon field satisfied?A2 = 0
Proof: DifferentiateA? twice.

Theorem: For physical states, the photon field satisfies@upta-Bleuler gauge condi-
tion, 9, A3|f) = 0.

Proof: DifferentiateA® and use absence of polarisation between lightaitetlongitudi-
nal states.

4.8 The Locality Condition for Photons

Photons are Bosons, obeying commutation relations,
[A3(x), Ad(y)] = [Ix, & +(x,d, |y, b+(y,b]
(x,ay, b—(y, bx, a

= O B giprix-y _ gip ttx-y)
8n3j2p0(€ e ). (4.8.1)
Substitutingp - —p in the second term gives the equad ttommutator,
[A(X), A(Y)],0_y0 = 0. (4.8.2)

Because the photon commutator vanishes, the tirokitean of the expectation of the
photon field is trivial. Physical laws depend omidatives of the photon field.

Theorem: The equal time commutation relations for the phdteld and its derivative
obey:

[0 A%(X), A°(V)] o o = —1B0G2B(x —Y). (4.8.3)
Theorem: (locality) The commutator for the photon field atslderivative is zero out-
side the light cone.

Proof: Differentiating,

_<x ay,b) = o2 gabi ipep -y (4.8.4)
and

0 1 ab _p ip Ox-y)

Sl Yo blx, @ = (A)’g K[ 250 P® (4.8.5)
Substitutep -~ —p ak, =y, .Then,for=1,2 3

[0, A0, A(W)],0 0 = X, Ay, D)= 2y blx. &) = 0, (4.8.6)

and, for the time-like component,
[0 A%(9, A°(W)] 6 - 10 =—i(£)’g [ d3peP-» = —igabd(x—y) . (4.8.7)
M

The integrals are invariant (see RQG | secticQuantum Covariangeso they are zero
outside the light cone.
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5 Electromagnetism
5.1 The interaction density for QED

Observable quantities are determined through measant, i.e. through interaction
with other matter. The photon field operaidfx), is Hermitian. If{ A(X)) is a classical
quantity,A(X) must appear in the Hamiltonian density. QED ubkedntuitively appeal-
ing minimal interaction, in which single photong @mitted and absorbed by electrons.

Postulate: Interactionsare described by the Hamiltonian density,
1(x) = ejr(X)Ai(x), (5.1.1)
wherej is the current density observablg(x) = :Tﬂ(x)yaw(x): (section 4.3).

To establish thatA(x)) is the classical electromagtiigdid, it is necessary to estab-
lish the Lorentz force law and Maxwell's equations.

Theorem: (A(X)) satisfies the Lorenz gauge conditiag{ A3(x)) = 0

Proof: Apply Ehrenfest’s theorem (appendix B). By locatitye equal time commutator
is zero. Using the Gupta-Bleuler gauge condition,

0.(A%(X)) = (9,A%x)) =0 (5.1.2)

The Lorenz gauge condition fixes gauge up to trabsarvable light-like polarisation.
In classical electrodynamics one may choose ardiffegauge without affecting predic-
tions, but here Lorenz gauge is fixed by the Giglatler gauge condition.

5.2 Momentum in the Interacting Theory

In the absence of interactions, there is no isstle lacal gauge freedom. The phase
of an electron wave function is fixed at the paihtreation and becomes simply the glo-
bal symmetry of the one particle theory, in whigtskcan be multiplied by constant
phase without altering their meaning in formal laage. When interactions are intro-
duced the result is that the evolution of the wiawetion does not match the evolution
of the field operator which created it, and whishléfined on the non-interacting space.
A difficulty arises because the momentum observabthe non-interacting theory,

Pa = iy [x)0%(x| = ide (5.2.1)
D

extracts the frequency and wavelength of the wawetion. We would like to use
Ehrenfest’s theorem (appendix B) to calculate thesical force due to the interaction,
by differentiating the expectation of momentum,

d a) = g_ al i a
a—;[(P) = (dtP)+|([H,P ) (5.2.2)

but states evolve according to the full Hamiltoniasnereas the creation operators are
defined on the Fock space of non-interacting pagjcand create states obeying the
Dirac equation. There is a real phase shift comedjmg to change in momentum, which
must be distinguished from the arbitrary phas&édefinition of field operators.
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To ensure that creation operators and states eid@wngically, we define thield pic-
ture, using a simplified form of the Foldy-Wouthuysaarisformation (Foldy &
Wouthuysen 1950) which ignores spin,

|fe(t))y = ™M (1)) = €9 (0)). (5.2.3)

In the field picture states evolve as in the Scin@elr picture for non-interacting parti-
cles. The momentum operator in the field picture is

p2 = et . (5.2.4)
In the semi-classical correspondence, for stgiis may be treated as a perturbation to
the evolution of a non-interacting particle, in atithe interaction is replaced with an
expectation. For a classical particle with positi@nd velocityw = x , the classical cur-
rentisJ = —ez. The expectation of the interaction Haomian is

(H) = JEKA(X)) = gxXA(X) = —eX[XA(X)) . (5.2.5)
Replacing the interaction Hamiltonian with its egfaion, the momentum operator in
the field picture is

P2 = @exXAC)tgieexKALNt = 9% —e( AY(X)) . (5.2.6)
Thus the expectation,A3(x)) , of the operator which e®aind annihilates photons,
acts in the manner of a classical vector field, iiyaty energy and momentum. This is
the standard formula for generalised momentumerptiesence of a field, but normally
it is assumed on phenomenological grounds, whéresgsit is been found theoretically.
With the replacement of the momentum operator @or-imteracting particles with the
corresponding operator taking interactions intooact, i02 - P2 = id2—e( AY(X)) ,
the Dirac equation(iy2d,—m) f(x) = 0 becomes the interacting Dirac equation.

(Ya(i0a—e(Ay(x))) —m) f(x) = 0. (5.2.7)
5.3 The Lorentz Force Law

Working in the field picture, we have, from Ehresife theorem (appendix B),

Py = (SPo+igH. PR (5:3.1)
Using expectations for the interaction, as abowehave
H = Hy+H =Hy+ (H) = Hy—ex[XA(x)). (5.3.2)

Substituting forH, using (5.2.6), and dropping the suffix F (singpextations are the
same in any picture),

S.(Py) = e (A2(x) +1([Ho—ex XA, 102 - K A(X)])
- ead—t (A3(X)) — ed3(X XA(X))) | (5.3.3)

where the product rule of differentiation has besed to find the second term. Classical
force is defined as the rate of change of momenaatprding to Newton’s second law;

(Forcea = d—dT(momentun)a. (5.3.4)

By general covariance,is proper time of the matter on which the forctsagot coor-
dinate time defined by a particular observer. Tleeteomagnetic force on a charged
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particle will be evaluated in the rest frame of gaeticle, in whichx = (1,0, 0, 0) and
the currentis] = —e(1, 0, 0, O . In the rest frame,

0°(P2) = edo(A2(x)) —eda(A%(X)) . (5.3.5)
So,

(Forcea = d_dr<Pa> = Jo(02{ A%(X)) — 0°( A3(X))) . (5.3.6)
After Lorentz transformation, this is
(Forcea = d_dr<Pa> = J,(02(Ab(X)) — 0P (A3(X))) = J Fab (5.3.7)

whereF?® s the Faraday tensor. This establishes the Loffente law.
5.4 Maxwell's Equations

Theorem: (A(X)) satisfies Maxwell's equations in Lorenz gauge:
(A(X) = —e(j(X). (5.4.1)

Proof: Differentiating the expectation of the photon fiéldce, using Ehrenfest’s theo-
rem (appendix B),

0% (A(X)) = 0,(82A(X)) = i([H(X), BAX)]) + (°A(X)) = i ([H(X), BAX)]) -
Using the Hamiltonian densiti(x) = ej(x) - A(X) (5.1.1),
O(A(X) = iex? > (L) TA(Y), 9o A(X)]) (5.4.2)
oD
Maxwell’'s equations iyn Lorenz gauge (5.4.1) follommediately by applying the equal
time commutator for photons (4.8.3).

6 Finite Quantum Electrodynamics
6.1 The Feynman Propagator

Definition: TheFeynman propagator, or contraction of cpT(y) and@(x) is
0 if X0 =yo
D(x-y) = 0 w0 4 /v N A\ xO :
(X]y)0(x°—y°) £(X[y)O(y°—x%  otherwise
where + is used for Bosons and — for Fermions,@uisl the step functior(x) = 0 if
x<0,0(x)=1ifx>0.

This form of the propagator may be compared witlseaperturbation theory (Scharf
1989), using the method of Epstein and Glaser (,97@3vhich the step functions are
replaced with &> function switching function. Th#fetence is that here we use a dis
crete sum whereas causal perturbation theory gsatinuous switching function, and
while Scharf says (p163) “the switching on andtb# interaction is unphysical”, here
the equal time propagator is specifically excludiexn the perturbation expansion
(3.5.2), and can be regarded as a physical constraganing that only one interaction
takes place for each particle in any instant. Tiedyais of the origin of ultraviolet diver-

(6.1.1)
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gences is effectively the same as that given irs&laperturbation theory and lattice

regularization in that the limit is taken after r@ving the equal point multiplication. A

further discussion of the origin of the ultraviotktergence is given in appendix J.
The photon propagator can be evaluated as shoaypi@ndix 12; forx® £ yo

De(Xi—%) = O(X? =X Xi| X)) + O(X? =xP)( x| ;)T

= 9 Lim [gep €0 P
161 - o* p2 + 2ip% +¢€2’
wherep® is a dummy variablp, = (p% p) is a non-vector pnd 3-inomentum from
jtoi; p = p if x2>xP andp = —p ifx?>xP .gis the metric tensor.
Similarly the propagator for a Dirac particle candvaluated as shown in appendix
13; for x0 £ y0

S:(% = %)

(6.1.2)

O(x0 —x0)(x %) ~ O (X ~x0)(X k)

oL Lim [gep(iDy+me Y
= Torde d*p Ep———r : (6.1.3)
We may now derive Feynman rules following Dysordfcalation (appendix H), but

we observe that the integral form of the pertudraéxpansion (E1.1) contains improper
integrals, and that the limit should not be takatil@fter calculation of each diagram.
An energy cut-off is automatically introduced bYirgte lattice, and propagators are
modified by settingD(x—y) = 0 ax® = yo . The most straightforwauay to deter-
mine the effect of the modification is to considiee non-perturbative solution. This
allows us to impose regularisation conditions amphopagator at low energies, that it
is independent of lattice spaciigto first order, and that the renormalised mass and
charge adopt their bare values, since the derivatid the Lorentz force law (section
5.3) and Maxwell’'s equations (section 5.4) shovt tha bare values are physical values.

6.2 The Landau Pole

The Callan-Symanzik equation is found by takingitifaite sum of an asymptotic
series (e.g. Peskin & Schroeder, 1995, eq. 1012¥3$. can be a good approximation at
the energies available in measurement, while bngadkown at energies approaching the
Landau pole. Neither causal perturbation theorylatiice regularization remove the
Landau pole, but if the minimum discrete unit ohdi, X, is a fundamental property of
nature, the perturbation expansion (3.5.2) terrematfter a finite numbem, terms, and
the Landau pole does not appear.

6.3 Interpretation of Feynman diagrams

In standard treatments of ged, Feynman diagramsegegded merely as aids to cal-
culation, not descriptions of underlying structulre relational quantum gravity, the
perturbation expansion is interpreted directly agiantum-logical statement, meaning
that any number of interactions might be foundrigkplace at any time and any position
if we were to do a measurement. The sums in tharesipn simply represeoR between
possibilities H,(x) describes the possibility that an interactionimige anywhere, not a
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guantized “matter field” which is, in some sensergwhere. Similarly, Feynman'’s path
integral, or “sum over all paths” has as naturtdripretation as a logicaR between the
possible paths that might be detected if an exparircould be done to trace the path
(notthat a particle passes through all paths in spaeet.g. Feynman 1985).

The perturbation expansion (3.5.2) is a sum of $erepresenting interactions. Sum
stands for disjunction. So, the meaning of theysbetion expansion is that we cannot
say how many interactions take place in any givgrsigal process. Feynman diagrams
give a pictorial representation of the same staténie a particle interpretation, Feyn-
man diagrams also give a pictorial representatidheofundamental structure of matter.
We cannot say what the precise configuration ofiplarinteractions in any given
instance, but we represent each possible configaras a graph and sum over the pos-
sibilities, using the interpretation of a sum agidal disjunction. Only the topology of
lines and vertices is relevant. The paper on witiiehdiagram is drawn has no meaning.
Spacetime structure does not appear in Feynmamatiesy except in so far as energy-
momentum is four dimensional. Vectors are stridé§ined in tangent space, from mea-
surement at the origin. Thus Feynman diagrams ibestire fundamental structure of a
particulate relational model in which only partglexist and in which other properties,
including spacetime geometry, emerge from intecasibetween particles. Francis
(2009b; RQG I11) will introduce the physical metrend show that curvature is directly
related to the minimum discrete unit of tinxg between interactions.

7 Conclusion

Classical electromagnetism and quantum electrodigsainave been shown in a par-
ticulate model based on the quantum covariant féatian of relativistic quantum
mechanics given in RQG I. In a change of coordisggtem momentum is a vector, but
the inner product is defined on an invariant lattithe inner product is invariant because
it is determined from the measurement apparatud tseefine the reference frame.
Quantum covariance does not require the limit clstattice spacing or large lattice
size. It is required that terms dependent on kattigacing are negligible in the predic-
tions of the theory. The Landau pole appears inithié as the discrete time interval
tends to zero, but not if there exists a fundanientarval of proper time between the
interactions of a particle.

Using finite dimensional Hilbert space, fields aygerators, not distributions, and
there is no problem of principle in taking produst$ields. However, in a discrete model
the equal time produanT(x)(p(x) does not appear in the perturbation expansidndg.
The origin of the ultraviolet divergence in thedgtal form of the perturbation expansion
(E1.1) is the incorrect order of taking limits flingrams containing improper integrals;
a cut-off must be used and the limit must be taé&sr calculation of each diagram. Pro-
vided that limits are not taken prematurely, teromntaining the equal point
multiplication do not appear in the perturbatiopaxsion. The exclusion of these terms
removes cut-off dependencies to first order andlegzes the perturbation expansion.

The regularization condition is that charge andswaopt their physical values, as in
standard treatments. However it is seen from thivat@ns of the Lorentz force law
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(section 5.3) and Maxwell's equations (section 5t bare mass and charge are the
physical values.

In RQG | quantum theory was not found using thentjaation of classical quantities
or the second quantization of classical fields, bpumaking formal statements about
hypothetical measurement results. In this integtiat, QED is fundamentally a theory
of particles, not a theory of fields. Classical gifies are understood as expectations,
describing the large scale behaviour of systemmaniy particles. Wave functions are
statements in the subjunctive move describing thesible positions where a particle
might be found if an experiment were done. The phdg also a particle, but since a pho-
ton cannot be detected without being annihilatedrd is no position operator for a
photon. and the photon wave function describesilpitiies for where a photon may be
found to have been annihilated, not where it ikehiise, field operators describe possi-
bilities rather than actualities and are the matagoal building blocks for the
description of interactions between fundamentdtigas.
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Appendices
Appendix A The Derivative ofU

Differentiate directly,
U(t) - ieiHotHOe—th _ ieiHotHe—th
- _ieiHOtHime—th

—iHot

s JiH§t iHyt —iHt
= —ie °H;.e 0

e “e

—iH, () U(L). (A1.1)

Appendix B Ehrenfest’s theorem

Theorem: Ehrenfest’s Theorem states that

0o(A) = (3 ,A) —i({[A H]). (B1.1)
Proof: We have (from Stone’s theorem), for ahi) ,

0ol f) = —H|f)
SinceH is Hermitian,

0| ) = iH|f)
Hence,

(floo = (fI(iH)

where the operators act to the left. Differentiéfe using the product rule,
0o FIA[ ) = (CT1Ao)Al )+ (F(0A) T)+(TIA(O] T))
= i(f|HA| )+ (f|(0,A)| fY—i(f|AH]| )
which establishes Ehrenfest’'s theorem and govémnslassical behaviour of matter.
Corollary: For an observable quantity with no explicit timeededence,
0o(A) = —i([A, H]) (B1.2)
Theorem: For the space indicea=1, 2, 3,0,(A) = (3, A) .

Proof: Space translation is the same for an observableatyweA(x), and the corre-
sponding classical observabke,(x) = (A(X)) , we have

Alx—2a) = (A(x-a)),
and hence, differentiating from first principles,

9, (A(X)) = lim (A(x+ dxX) = (A(XD

@ 0 dxa
= lim (A(x+ dX —AXD)
dx@ - 0 dx2

(0.A(X)) -
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Appendix C  Solution of the Dirac Equation
The positive energy solutions to the Dirac equation
(Y = fu0 = (1) zzljdslo F(p, r)uy(p, r)ex (CL1)
=

wherep satisfies the mass shell condition an a Dirac spinor having the form, for
r = 1,2, and for a two-spindrnormalised so that(r)'Z(s) = 8., ,

— [
PN = e | 2

po+m
Proof: Observe that

So,
2= | P* pt=ip?| p* pl-ip?
N Llﬂpz —p3Mpl+lp2 —pJ
_ {(p3)2+(p1)2+(p2)2 0 }
0 (p%)2 + (p?)2 + (p?)?
= ((p%)?-m?)1, (C1.2)
Hence,
o.1) FEO-Fm p°L, —o ¢n)
a u,(pr) =
PaYd p 2p° | g p —pol, pG—P'%nZ(r)
0

(o, - 2Bz 1)

— [Pt M Potm

2p° 0 _
L
Jpon (p°1, — (p°—m)1,)¢(r)
20° | o [p(pon)Z(r)
mjm ¢(r)
o}
207 (2B )en

mu,(p, r) (C1.3)
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Then, differentiation of the solution of the Diraguation gives,

2
9.3, () = ()73 [ % paya,F(p, uy(p, ) e

r=1R3

(%JMZZ: [ d*p mF(p, r)u,(p, 1) e

r=1p3
mf,(x)
as required. The analysis is similar for antipgtc

Appendix D Normalisation of Dirac Spinors

The Pauli spin matrices are Hermitian. So, usin 2§

o p'o [p = (o )2 = ((p°)2-m)1,

Then
¢(s)
u(p, 1)u(p, s) = {(r)* (r)T____D.i} o1
Dot mZ( s)
- BT B
=0d,.

Appendix E Integral Form of the Perturbation Expansion

If the minimal proper timg between interactions is small then (3.1.9) wilkdbgood
approximation. Integrate directly,

t
U()=1-i] dtH(t)U(t)
SubstitutingU iteratively back into the integral gives the Dysxpansion,
. t . t ty
U() =1+ (D] dtiH () + ()7 dbf dH (t)H(t) + ..

This can also be verified by differentiating. Edaetm is the derivative of the next mul-
tiplied by 4H(t). Substituting

Hi(®) = X33 1) = [d3x1 (x))
gives i
Ut)=1+ 3 (i) j dx, j d*x, ... j dax, | (X,)1(Xs) ... 1(X,) (E1.1)

> 0 0 0 0 0
k=1 x§ <t x§ <x9 xQ<x?_4
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It can be seen that, provided that the integraiafined,
1
jd4x1j dx,... j d4x, | (Xy) ... 1(X,,) = Ejd“xlfd“xz...fd“an{ 1(X,) ... 1 (X))}

0«0 0 0
x9<x? Xg<Xp_q

Hence, we can write the perturbation expansion

UM =1+y g-_ﬁi!)—njd‘*xljd‘*xz...jd“an{ 1) -1 0,)} (E1.2)

n>1

Appendix F  Locality of Dirac Field Operators

Theorem: The equal time anticommutation relations for theaDifield and Dirac
adjoint and obey:

{Wa(9, W, W}o-y = V23(x-Y) (F1.1)
Proof: Using the identity (true in a particular basistg® in any basis),

SUNLN' = 1,
We ha{ve(cr [p)2 = ((p°)2—m?2)1, (C1.2). Thus,

¢(r)
— _ p%+m
TR0 = B g e

r po +m

+

| I— |

L @+m1, o'

po+m

=_1_{(p°+m)12 o [p }

2

20| olp —(p°-m)l
1
= '2—p—0(p Oy +m).
Similarly,
— 1
D Va(P 1) Vp(p, 1) = 555(10 y—m).
We have

{Wa(x), Yoy} ={(x, al [V, BR+{IX, ), (T, Bl =(x, AT, B)+(T, BIX, &)
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where" denotes that andp are transposed. Using the resolution of unity thedsolu-
tion of the Dirac equation,

(X, a |:)7, B) = B—;Zjd%uu(p, r)@(p, r)e—ipE[x—y)

= 8n3f o(P [+ m)gpe Py . (F1.2)
Likewise for the antlpartlcle
) T
(V.BIx,a) = 83zjd3pv (p. 1)V (p. 1) P I-xCp

=4[50 20 (P V=M €000 . (F1.3)
Substitutingp - -patx, = y0
—~ T :
7. Bx ) = 5[5 2po (2P0’ =P Y= m)ge oty (F1.4)

Adding atx’ =y gives the equal time anticommutator,

{Wa(¥), YoM} o=y = S5V dp e = y28(x-y),
as required.

Theorem: The anticommutation relation for the Dirac fielddghe Dirac adjoint is zero
outside the light cone.

Proof: From the above,

(XI) = 550 [y +m)[ 5 Berr vy (F1.5)
and
T = 500 y+m[5R vy, (F1.6)

The anticommutator is found by adding:

{UJ(X),/‘]J\(V)} = S—;(ia Ly+ m)_l-%po(e—ipE(X—y)_eipE(x—y))

= Lo oy+ m)jd4p(eripux—y)_eipt(x—y))a(pz_mz),

using the generalised scaling property of the dehation applied to the mass shell con-
dition. The integral is Lorentz invariant and iseevhenx’ - yO = 0. We conclude that
it is zero whenevex -y is spacelike.

Appendix G Gauge Invariance

The local phase transformation,

P(x) - e20P(x) (G1.1)
applied to the field operators, makes no differetocéihe current and so leaves the pre-
dictions of the theory unchanged (equivalentlytthesformation may be applied to the
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creation operators, remembering the sign changenfiqparticles). The interacting Dirac
equation,

(Y(ida—e X A(x))) —m) f(x) = 0, (G1.2)
can be written, in terms of creation operatorsngctin any ket|f)

JAxIX)(y2(i0, —e X A(0)) ~m)(x|| f) = 0. (G1.3)
A local gauge transformation applied to the creatiperators,

X) - eTe®Ix), (G1.4)
gives

[d3xIx)ea(ya(ia, — e X A(x))) —m)eee(x||f ) = 0. (G1.5)

So,
[dex1x)(v2(19, - 9,01 (x) — e X A(X))) —m)ee(x|| f) = 0.
[ A1) (v2(i0, — e X A(x))') —m)(x]||f) = 0. (G1.6)

which is identical to the original form of the in&eting Dirac equation apart from the
replacement

(ALY = (ALY +20,a(3) (61.7)
But the Faraday tensor is also unchanged by tplacement;
Fab = 9a(AP(x)) —9b(Aa(X)) = 92(Ab(X))' —8°(AA(X))'. (G1.8)

So the local phase symmetry of the field operaosrecisely equivalent to the well
known symmetry of the classical electromagnetilcifie

Appendix H Feynman Diagrams

H1 The Time Ordered Vertex for QED

The interaction density for ged is

1(X) = ejp(X)Aa(x) = e(IX) + (X)ya(IX) +<(xD(IX, & + (X, &)
where photon creation and annihilation operatoesdéstinguished by the vector index,
a. I(x) is the sum of eight terms, each of which candpesented can be represented
diagrammatically as a time ordered vertex or

node (figure 3). Lines above the node cor
spond to creation operators, and those be + + +
the node correspond to annihilation ope %

tors. The photon is represented by a wz:

line, electrons by a upward arrow and pc W
trons by a downward arrow. + + + +

Figure 3: Time-ordered vertex for ged



7 C. Francis

H2 Wick's Theorem

Wick’s theorem can be used to replace the timereddproduct with a normal ordered
product by (anti)commuting annihilation operatarstte right and creation operators to
the left. Letg be the field operator,

o(x) = [X) + (x|
If xis beforey, X0 < yO the Feynman propagatd(x - ), gives the amplitude for the
creation of an antiparticle &tand its annihilation at. If x is aftery, X0 > yO it gives the
amplitude for creation of a particleyaind its annihilation at.

Theorem: (Wick’'s Theorem) For two field operators,

T{e'()e)} = 19" (X)(y): + D(x-y). (H2.1)
Forn field operators:

T{O'(X1) .. 9" P(% +1) .- @(%) }
=10 00) - OO 1) )T+ S 1T 0x) - @(Xa): [T DO =)

all pairs of irsi
contractions pairsj, k

where 1 5, j, k =n and contracted pairs are omitted in the normag@dl product.

Proof: A detailed proof by induction can be carried out, the proof is no more evident
than the theorem itself, which just means that wéhé normal ordering by carrying out
the contractions.

H3 The S-matrix

Initial and final states can be expressed as stiplsioe wave states by using the res-
olution of unity in momentum space. The time eviolutbetween, andt, is given by a
matrix in momentum space

(Poss PUCt, 1) Py s as--5 PR
In the case of scattering, the initial state (gatezt by a particle accelerator), and the
final state (typically measured by bubble chamimine chamber or silicon detector) are
well represented as pure momentum states. In &sis the interesting interaction takes
place at the scattering event, apdndt; are not important.

Postulate: The S-matrix (or scattering matrix) is

(P RIS B;- s P = t()Lirnw<p1;--- BlU(ty, to) Py +a3--- 3P (H3.1)

tl -

TheSmatrix is found from the perturbation expansiorfibst normal ordering the terms
using Wick’s theorem. Then, for the interaction signatx, the creation operator acting
on the initial statgp,r) gives, for a photon,

(xIp,r) = (&) W’—?Z'[J eip i,

p
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for a Dirac patrticle,
(xIp.r) = (&) u(p, r)eir,
and for an antiparticle,

</_X\| P, r> = (%)3/2 /V\(pv r)e—ip[b('

Similarly, the annihilation operators in the intetran density acting on the final state
{p, r| gives, for a photon,

w(p )
(pr]x) = (&) ===ferix,
p | (ZT[] JZ_IJ()

for a Dirac particle,

(prI®) = ()" T(p, r)er,
and for an antiparticle,
(p, r |7> = (%)3/2 v(p, r)eipD< .

To keep track of the contractions in normal ordgtime perturbation expansion, the
terms are represented by graphs. A particle cremé?clnay be annihilated at a later time
yO. An antiparticle created at may be annihilated at an earlier tiy?eEach contraction
is represented by connecting the corresponding lidween vertices, and, at the same
time, removing time ordering (figure 4).

After carrying out the contractions, all topolodlgaequivalent time ordered dia-
grams are combined into a single diagram with neetordering between the nodes
(figure 5). There ark! diagrams withh nodes. So, removing the ordering of nodes gen-

erates a factok! and cancels the factor kVin the perturbation expansion (3.5.2),
leaving a sum for a diagram withvertices,

U(t) = (He)yyyn(-ixd* Y .3 3. (H3.2)

[P T PR B i2¢ili1 =1

T{@y), o)} PY)PX): + D(y—-x) @ . . . .
y x X Y X

Figure 5a: Second order diagrams for initial ¢
+ final states with two particles. The final ternzesc
if the particles can be distinguished (e.g. if @s
xi y

1
+

bound to an atom).

? y
Time ordered No time ordering @"' + + +
vertices

Figure 4: Contraction represented by connecti Figure 5b: Second order diagrams for initial ¢
vertices and removing time ordering final states with a particle and an antiparticle.
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H4 Conservation of Energy and Momentum

Gather all the exponential terms from internal artérnal lines with; in the expo-
nent. Provided the time frotg tot, is large, the result is a delta function

By = -G

wherep, q, k refer to the arrowed line coming from vertke arrowed line going into
the vertex, and the photon line, respectively. @aka function shows that the tilda'd
quantities are conserved. For internal ling%,q°, k° ,taeedummy variables intro-
duced in the contour integration. For externalditg?, g k°) = (p°, ¢, k°) . Energy,
p°, was originally defined to be the zero componédra vector. This is not a conserved
gquantity. Vectors are products of measurementpahdhave real meaning in measure-
ment. By definition, internal lines do not corresddo measured states. $8,has no
meaning on internal lines in a Feynman diagram.dmserved tilda’d quantities are of
more interest than vector quantities and it is isueedefineenergy.

Redefinition: Energyis the conserved quantity? , which appears otiriles of a Fey-
nman diagram.

With this definition, energy-momenturp, , is constybut is not a vector, and does
not obey the mass shell condition on internal limeBeynman diagrams. Patrticles are
said to be off shell on internal lines. On exteliras, representing measured states, this
definition of energy coincides with the originalfiaion for measured states, as the
time component of a vector. Particles are saicetorshell on external lines, meaning
that the mass shell condition is obeyed in measemnem

H5 Feynman Rules

After using the delta functions to carry out theegrals over tilda'd quantities, and
imposing the rule that energy-momentum is conseataghch vertex, there remains an
integral for each independent internal loop,

ﬁjd“p.
Each vertex contributes a factor
—ieya,
For external lines in the initial state we have,dghoton,

1
j}pOW(p, r,

for a Dirac particle,

Eupn,

and for an antiparticle,

&”\T(p, r).
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For external lines in the final state we have dg@hoton,

j}pow( P,

for a Dirac patrticle,

[ET(p.1),

and for an antiparticle,

Ev(p, r).
For internal arrowed lines we have
ipGy+m
R—mz+ic’
and for internal photon lines we have
_igab
p2 + 2i|ple + €2
In addition there is a minus sign if an odd nundifesommutations of Fermion creation
and annihilation operators is required to put tteghm into normal order. The limit
€ — 0 should be taken after evaluation of integralddops and for the initial and final
states. Ifg| > 0 then the photon propagator can be replacdd wi
_igab
p2+ic’
Certain diagrams contain a divergence when phatengy goes to zero. In this cafe
should be retained until after evaluation of thegmal to control the infrared divergence
(82 plays the role of the small photon mass commosgdufor this purpose).

Appendix | Derivation of Propagators

11 Lemma
in0y0
- 05,0 —znie_lpx if x0>0.
N eir> - 2p° (11.1)
—2TT 200 if x0<0.

Proof: Sincep = (p°, +p) ,

p2—m? = p2—p2 = (p°)?2—(p°)2
So,

J.oo - e_i l50)(0 J_oo - e_i l50)(0

0 - 0—
_wdp p2—m2 + 2ipO¢ + €2 _mdp(p°)2—(p0—is)2
Iw - e_iﬁOXO

O ~ ~
P inErpo_ie)

—c0
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Re

0u
—potig, Re
C;

Figure 6: Contours for the integrations in the compf#x  plane.

This is evaluated as a contour integral, and ndtiagthe integral on{anishes in the
lower half plane ifx>0 , and in the upper half plahed< 0 (figure 6).

I2 The Photon Propagator

Using the lemma (11.1)
De(X —%) = O(X?=xP){ Xi| %) + © (X =xP) (x| X7

_:g_ —lpE[XJ—Xi) B eip[(Xj—Xi)
= jd3p[6(x0 xo)—IO + 00 —x0) S }

—i~E(x-—x-)

— =9 im 43 0_ y0 0_ ey

Torim.[d pj P[00 —¥) + O — X)) = oo

wherep = (p% p) ifx?>x% andp = (p°% —p) ifx?>x? is the momentum frgno
i. If x0#y0, the step functions can be summed to unity,

|p[(x =%)
=9 Lim €

De(Xi=%) = Torae" O+I “pm (12.1)

I3 The Dirac Propagator

It has been shown that (F1.5)
—_ _ 1 . tBp_
(x|y) = é—n—g(la Oy + m)jé—ppoe pax-Y)
and (F1.6)
SN —5(i0 Oy+ m)j—P0 eip x-y) |

Hence, by the lemma (11.1),
S(x—x) = e(xO—ij)<xi|’xT>—@(xﬁ—xpx’xﬂxif
Q_sz

JSRO00=xp)e U~ + O (¢ —xp)e? 7]
S P LI - X))
= jLim K_Dﬂzj"d%j_ dbo[@(xio_xjo) +O(X0—x0)] = e j

e-0"  16m* p2—m2+ 2ipye + €2’
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wherep = (p% p) ifx?>x0 andp = (p°,—p) ix°>x? is the momentum fromjtoi
(in the direction of the arrow). KOz y0 | the step ftioos can be summed to unity,
e_iﬁt(xi_xj)

L —X.) = le (Ia D/+m) 4~~
SO6=%) = 1.7 16m Idppz—m2+2ip08+s2'

For a Dirac particlep®>0 , and we can simplify the @i@mator by shifting the pole

under the limit, replacin@ip® + €2 withe . Thus the Diraopagator arrowed from
jtoiis

) = e B Ly me iy

S04 =%) = Tl P P_mtie

(13.1)

Appendix J The Origin of the Ultraviolet Divergence

It is well known that an integral which contains@uared delta-function in the
integrand,

S = fZéZ(x— h) dx, (J1.1)

cannot be defined fa< h< b . The origin of the ultraeiadivergence has been iden-
tified as the inclusion of such terms in Feynmaagdams containing loop integrals.
Now consider the improper integral wigh> 0

S = lim 2_262(x—h)dx+ |im0j:+£52(x-h)dx. (J1.2)

S'is (or at least, can be) well defined and triyialaluates to zero. When the order of
taking limits is properly tracked, the origin ofetliltraviolet divergence is seen in the
replacement of well defined integrals containingnte of the formS' with undefined
integrals containing terms of the foi$n

The usual method of subtracting divergent quastitiem loop diagrams is then seen
as equivalent to subtracting a term,

S =S-8. (J1.3)
This restores the correct answer, but it means iwgnkith undefined quantities and the
usual rationale is wrong. No renormalisation isolred, and nor does the subtraction
require adding counterterms to the Hamiltonianalbse when the order of taking limits
is tracked the divergence is not present in thgimal form of the perturbation
expansion.

The appearance of squared delta functions in tiegriand can be traced to the equal
point multiplication between fields, which canna 8efined when fields are operator
valued distributions. However, there is no equahpmultiplication in (E1.1), because
all inequalities in the bounds of integration anéct The equal point multiplication
appears in (E1.2) as a consequence of incorreudigging the order of taking limits. The
exclusion of the equal point multiplication cancale seen as a physical constraint, that
an electron cannot interact more than once in astant. This statement is given a clear
physical meaning through the introduction of a minim discrete unit of timex.
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